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Exercise 1.
1. Let r € R\ /6. Then:

sin(x) =1  1sin(x) — sin(n/6)
Tor—a 3 r—n/6

T—7/6 3 2

Let 2 € 0.1) U (1,+o0). Then:
vI-1_ 1
-1 e+ el

t\.lb—ﬂ

2. Let n € N. Then

n—2 1-2/n
—_— —

1+ 1 1+ 1/n notoo

ot = 1—2/11) (1-2/n)" —)elze"a..
“mE\1+1/n) T U+ 1)t e

)

Exercise 2.

1. Let r € R*. Then
sm(z) in(z)

f(=) = 1+ |z|
We know that in(z)
i sin(z -1
=0 T
and that
li.u:%) sin(z) =0
hence, by the elementary operations on limits,
limm f(z) =1x . =0eR
z—0 - 140 ’
Hence jf admits an extension by continuity at 0, namely
f: R— R
p sy (@ itz#0
0 ifz=0.
2. Let z € R*. Then _ _ .
Jz) = f(0)  sin*(z) 1 1
= 5 — 1 X — =1
=0 ¢ 1+ |&] z=0 1+0

— lwa(n/()) 7
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Hence the function f is differentiable at 0 and f'(0) = 1. Hence an equation of the tangent line to the graph

of f at (0,5(0)) is:
y=ua.

Exercise 3.
1. We know that arcsin and arccos are defined only on [-1,1). Now, for z € [~1,1],
arccos(z) =0 <=2 =1,
hence the given expression is defined for z € D = [=1,1).
2. Let z € D. Then

arcsin(i) _ ®W/2 — arccos(x) _ s
arccos(z) arccos(z)

flz) =

" 2arccos(z) L



3. We know that arccos is positive and decreasing on D. Hence 1/ arccos is increasing on D, and we conclude
that f is increasing.
We know that arccos and arcsin are continuous. f is hence a quotient of two continuous functions, hence f

i$ continuous.
We know that f is continuous and increasing. Hence, by (a corollary of) the intermediate value theorem

J =50 = £(-1,0) = [7=1), Jim (@)

Now,
arcsin(—1) _ -m/2 1

f=1= arccos(—1) 7« 2

Maoreover, by continuity of arccos and arcsin at 1,

lim arccos(z) = arccos(1) =0, lir{x aresin(z) = arcsin(1) = /2 > 0.
11—

1"
Moreover,
vz € [-1,1), arccos(z) >0,
hence
lim f(z)= +o0.
r—1-
Hence

J = f(D) = [~1/2, +o0).

Since f is increasing, g is also increasing, hence g is injective. Since the codomain of g coincides with the
range of g (that’s how J was constructed), we conclude that g is surjective too, hence g is a bijection.

7. Let z € D and y € [-1/2,+00). Then
m

fz)=y <= 2a.r—0(ms_(.:1:—)_1=y
2 arccos(z) =vy+l
2arceos(z) 1
n Ty+1
o
<= arccos(z) = m

= o)

Hence
gl : [-1/2,400) — -1,1)

()

Exercise 4.

1. We know that

hence -1 <£< 1.

2. The sequence (2, )nen is the even subsequence of (1, )nen and hence converges to £ too.

3. Let n € N. Then:
Ugn = cos(2n) = 2cos(n) — 1 = 2u? - 1.

Now, by the elementary operations on limits and the previous question, we conclude:

£=ﬂ2~1,

hence 202 - £ -1 = 0.



~1

. From Question 5 we also have

Hence the possible values for £ are 1 and —1/2.

. Let n € N. Then:

Ups1 = cos(n + 1) = cos(n) cos(1) — sin(n) sin(1) = cos(1)uy — sin(1)vn,

hence 1
v = m((l()s(l)un - un+1)'

We know that lim un4; = £ hence, by the elementary operations on limits, (vn)nen converges to ¢ with
n—+0o0

_ moe)—1
~ sin(1) [

. We kno;v, by the Pythagorean theorem, that

vneN, v+ =1,

hence, by the elementary operations on limits,

N L

02— (cos(1) — 1)2£2
sin®(1) ’

hence
sin?(1)€" = (cos?(1) — 2 cos(1) + 1) £%.

Using the fact that £° = 1 — £2 we obtain:

sin?(1)(1 - £2) = (cos?(1) — 2cos(1) + 1)£2,

ie., .
sin®(1) = 2(1 - cos(1)) €%,
ie.,
(1= cos?(1)) = 2(1 — cos(1)) &2,
ie.,
(1= cos(1)) (1 + cos(1)) = 2(1 — cos(1)) £,
ie.,

1+ cos(1) = 2¢2.
We now investigate the two cases for £:

e £ =1 yields cos(1) = 1 which is impossible,
® { = -1/2 yields cos(1) = —1/2 which is impossible too.

We hence conclude that the limits of the sequence (u,,),en doesn’t exist.

Exercise 5.

iR

We proceed by induction:

e By assumption, ug=a >0 and vg = b > 0.

e Assume that, for some n € N, one has u, > 0 and v,, > 0. Then, unv,, > 0 and hence u, ;1 =

and u, + v, > 0 and hence vy 41 = (up + v,)/2 > 0.

U, ty > 0,



2. We proceed by induction:

e By assumption, ug = a < b= vq.

e Assume that u, < v, for some n € N. Then

2
Up + 1y (V Un — \/Il_’;)

v, - =
n+1 n+1 ) 2

Since u,, < v, we have u, # v,, hence /i, # /vy, hence Ju, — /v, # 0, and we conclude that

Ups1 — Unsy > 0.

— VUpty, =

Uy = 2\/Uptn + U
2

. Let n € N. Then:
Uy + Vp Up — Up
IHHJ - VUp = ——75——-—1% = —-75—— < 0

by Question 2. Hence the sequence (vp )nen is decreasing.

By Question 1, 0 is a lower bound of the sequence (2, )nen. Hence (vn)nen is a decreasing sequence, bounded
from below hence, by the Monotone Limit Theorem, the sequence (v, )nen is convergent.

. For n € N we have:

Up = 2Vp41 — Un.

We know that lim w,,1 = £ too hence, by the elementary operations on limits,

n—+0c

lim u, =2(—-£4==¢.

n—+00

We now show that the sequence (11, )nen is increasing: let n € N. Then
Unil  /UnUn [V S 1
Un  Up  Vun '

by Question 2, hence the sequence (up)nen i increasing. We hence have:

e the sequence (un)nen is increasing,
o the sequence (v, )nen is decreasing,

e by the elementary operations on limits, lim u, —v, =£—-£=0.
n—+00

We hence conclude that the sequences (1, )nen and (v,)nen are adjacent sequences.

Let n € N. We already know, by Question 2, that v, 1 — #,41 > 0. Now, as computed in Question 2,

= 3 -

Un+tl — Un41 = '__2—"_" ~VUnlp = 3 ,
2 2(yTn + Viin)” 2(Vn + Vi)

Bkt (o -vi) (V- VEmE ) (=

. We know that the sequence (u,, Jnen is increasing, hence u,, > 1y = a hence VUn > \/a. Moreover, since

Un < Un, We also have /v, > /i, > \/a. Hence \/fi,, + /o5 > 2y/a hence

1 1
< !
Vin + 0  2ya

hence
1
-—-———-————7 < o
(Vitm + /on) 4a
and we conclude that
('vn - ‘u:n )2

0 <vpgy = tpgy <
8a



