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Ex~n.:6~ 1. 

UJ 11K1lk·Uu11. 1lw i1111uJ !,lt'I' i:- UUt' ~IIN"l' u 1 a. ./i As::tu111c 1l1Kl O < u,. < 'l for ~ 11w u 2: l. Then 
'1 , "J. i u,, < .a. awJ l 1t.'llt'l' 'l, \ "l • u,. , 'l. NIIJ l1t·11u· 0 < u11., 1 < '.! 

u,.., I u,. = ✓1 + u,. 
'l+ U,1 - u;, 
/l7u.: • u,. 

(u .. • l )(u,. 1) 
J'l + u" + tJ,. . 

No" ~iutt u11 \.. (U. :Z) wt• lua\e: 

u,1 + I > U. 11" 'l < 0. ht;;;;i u .. > 0 

hcllt<" u .. . 1 u,. > 0 heu,~ t l1t :i.t-'QUCIICf' (u 11),.~1 i~ irn.Tc&iug. 

Smn_• tht> ~'QUl.'lit'l' (u,J,.2-1 i~ im.1l•1~i11g u1KI IJ01111dt..J fau111 ubo\l', ,w l."\mdudt', l,~· tl1r Mo11otonr Limit 
Tiwort'm. 1hn1 (u,.).? 1 t.'\Jl.l\l'rgc.. \\'t• tll.'UOlt' lJ) / llw limit of (u,. ),,>1, We t-u11dudc from Q ues1io11 1 t hnl 
0 < / < 2. SiuC't' fur is.JI u C N•. u,. .. J /ITu,;, t u.kiug the Ji111i1 ~ ,, • -t (~iug tht• C'lemc11tRry 
opn"tkl11s 011 li111ll~) ) idcb: 

Nuv. . 

=> f I 

=> (( • 1)(1 

~ (= '2 

I • ./'[":j7. 

.)trtccl~ U 

.)UICC f -f 1 ;. 0 ,WH,C ( ~ 0. 

J. For N C W ~•· define the prupuo,itiou 
N 

Vz c ro(. :.iu(r) = 'l,.., :.i11 (
1
:) fI co:.{{;;). 

11=-I 

\\'c :,how 1ha.t fur tt.11 .'\' C N• , l'roposiliu11 P,.., i:-. l ruc. IJ) irn.Judk>n 011 N : 

• u~ l'.tl. ..... ; lt'I r C :•t T licu 

. , (• -") ' . (.r.) (.C) ( X I .C :.m(r ) • sm J. - = .!:-.111 - l'.US - = :l1 sin -) II cu:.(- ) 
'l. ~ l 21 'l" . 

ra ~ l 

111:nre l-'1 b ll'Uc. 

• l11ducth1.: :.kp: ~umc tliat P,.., is tru~ for su111c N 2: 1. Let .c. c R. Tht-u: 

N 

•iu(r) • 2N •iu (f,,) II cos (:J.;) by l'N 
u - 1 

=2"si11(22:~.) fI oo, (f.;) A2''2siuc:.,) = c:. ,) II oos (~) 
ri - 1 u = l 
N, I 

=2" ·'•••C.: .,) IT cos (i.:) 
11 .c; I 

llcu'-"t' P.,·. 1 is t rut'. 

.a. By inch1r 1ion for n = 1 wr hitvt• 

rM ( - " - ) • rn<(•/ I )= v'2 • '!.!. 
21 • I 2 2 ° 

licncr. 1hr hi\.~ rt\.'-"•~ tntP. A~c.11mf' thAI, for Mrur n ( r1· , ,,n,. h,\.< rtw1(cf/2" " 1) = u"/ 2 TI1f'n; 

ms' ( 2""•,) ~ ~ { 1 + r~ ( 2~~.,)) 

=i(I• ~) 

I 
• ;; (2 + 11. ). 

1,u nur tnd1'rllon hyµoth,~,.'-~ 

Now.sinr.•/2" ' ' E l-•/2. w/2j, wrknow th•t rM(:r/ 2°•') ? 0, h,nre 

ros' (-%-) = ✓~(2 !- 11 0 ) = J2 
+ "• = ~ 

2•·• 4 2 2 

5. l,et N E N•. Prom the previous questions we h1wr: 

~in(-"- ) N = ~ 2N+1 II ~ 
2 " 2 ° 

2N+ \ n=l 

anct wr ronrludf': 

Now1 lim 
N~ + 

hence 

Exercise 2. 

,r 

2N+I = 0, hence 

I. By the product rul, , 

VNE N", 

• ( lT ) sm --
Jim ;.N+1 = 1, 

N -+<>o 
2N+t 

? .v 
=. a lim II !! 
'ff' .Y-t+oo 2 · 

n: I 

Vr: E l'!, /'(r ) =(.ct 1),-' 

and we conclude that 
Vr: E {I , +oo). /'(r ) > 0. 

Sinrc / is continuous on [- l .+<>0) Md for • "ery poini r 0 ( [- 1,+x) \ \ !}. /'(r 0 ) > O. ,., ,-ondu<l,, that 
/ is increasing on [ l , +<>0). 

2. Siner: the function / is inc-rr-n.siu~ on { 1, • ). we mu:tt hA.vr 

Vr EI I , !-<>0), / (r )?: / ( ! ) s - 1/ e. 

Hence g is well defined, and sincr g is in1·rt>R.t.ing, g i.'\ injK.th·r . '.\ lori'\\\tr. :-in .. ~~ is iu('rt"A{iug AJlti 1'tl1ll itnh\t1~. 

by the lntermP<liA.te Valut": ThMrt>m, we must hA\'f': 

Now it is df'ar from thf' r-lr-mt-n1ary OJ)('rtt.tiOIL" 011 limiL, th,u Inn g(.r) = t ..:-.,. ht' lll't• th" rtt.n~e> o ( g is 

[- 1/r, ~oo), h•nre g is also surj,rt i\'r. , 
0 0

' 



3. tt.) \\'l' k.i,°" t lu\l for nll r E ( l. +r.., • ), .Y'(r ) :s (.1· I l )r ' ,,J.. 0 . h t•m·t• 11 · i~ diffcn•ut i"bh• 011 g( ( - 1, + )) = 
( 1/ , , I ·v ). 
Siuu• .9'( 1) = U. Wt' rouduJl.' lhttl 11' i~ 11ot tlitfr n ·11t i11llk• ttl g( I)= - 1/ e. 

h) ,,·,. k.110\' rroru thf' 111 \'('N-(" F\J1u t io11 Htl ll• tl111I 

V.r ( ( 1/•. • c,..,). 11'' (.c•') • __ l __ _ 
(.r • l )e' 

llr111<' IKkit1J: r = Oc ( 1/ e .-f ex ) i11 !ht• pu·, iou:- µrupci-- itiou )'k id:-.. 11' '(0) = l. 

Exerci:t~ 3. 

1. In tl1<' r0Uo win1; Rrf' gi,·<'11 the cio1111tin Klld tilt' rtt.11gt! of 11w fu 11,·tions, K.'\ well tt.5 the dom ain of diffcrcntiabilit_y 
uncl 1111• for111ul11 for I ht>ir der1\'1Hi\'c: 

nrc,.in : 1• 1, 1) -+ l- w/2, w/2) 

11rclKII : R -+ (- w/2.w/2) 

sinh : R--l R. 

t 1111h : R -+ ( - 1. 1) 

I , I ) ---+ R 
I 

,__, VI - x 2 

1uclH11
1 

: R -+ R 
I 

J' t-t 1 • ;r2 

sir1h' R -+ R 
.r •- • wsh(x) 

t ,rnh' IR -+ !{ 

:r. •-+ I - t.anh2(x) = --1,
oosh (z ) 

2. • l uuh i...; drfim-d on Jl and its runge is (- 1, 1); urcsi 11 is dr fi1ll'<l 011 [- 1, 1] (whid1 co11t l'l.i11s tlK" rtmgc of 
t.anh). hence orcsin(tanh(:r.)) is defined for o.11 :r E R. 

• ... inh i:- dcfiurd 011 R und n.rctau too, llc111.;1: Rrctn11 (:-i11h(:r)) b dcfill(,.-d on K. 

Coudnsion, D = R. 

:1 . u) By !J lt' d1tti11 rnle: ttt.nh i::; difforc11ti11blc 011 JI{ HJJd nn~in is diffcrt-1\tillhlc on tanh(&} C ( - 1. l ) , hence / is 
dilforcntinbh• 011 1K nnd for r E lit. 

J' (r ) = t1111h ' (.r)nrcsill'{1.u11 h(,:)) x---,!,,-. 1 
= , ~ 

w sh (r) Ji - lullh'(.c) cosh (:r) __ I_ 
cosh'{.t) 

I I 

= cos!.'(.,) I 
,moc = h{.r) > I > 0 

ru.sh(.r) 

= rosh(.r) · 

b) Uy tl11• d1uill ruh·: sillh is dilf,·relltiuble 011 IR u11d iu-ctttll •• d ilfcre11tiublc Oil sillb{R) C It, hcllce g is 

diff«rc11t inhlc Oil R Bild for :r E IR. 

, ) . , ' ( . ) ) I ) I I g (.r - smh (:r) nrctan smh( .c) = COOih(.t , = cosh(r----,-,,-;- = --1-(). 
. I + sillh (.t) oosh (.c) cos l x 

I') Ur lH'f' u is rtifforc nt iahle o n K Hild u' = /' y' ,md lic11c1! 

V.r ER, u'(.t) = - -
1
-

cosh(x) 
_1_=0. 
rosh(r.) 

d) SincP JR is ttll inlen·AI, we conclude tJ1at. u is co11sta11t. Since 

u (O) = / (0) - g(O) = •rcsill(lunh(O)) - im:ta11(sinh(O)) = &roiin(O) llft:ltt11(0) = 0 - 0 = 0, 

~~• ro11d11dr th•t t1 is thr 11il fum:tioll 011 R. He11ct• / and g IU'e C<JU&I. We hellce showed that 

V.r CC{. 11u-,,i11(ta11h(:r)) x nrct•u(siuh(I)) . 

Exerci~e 4 . 

1. !~t r C R•,h Sinr~ thr runC"I W'!n "•ll ,,_ rnnt in11ow11 n11 ·o.J: Anti ,hff~mtiAbl~ nn (O. r ). by thr Mc.-n V I 
l("()fcm, I Cff" f"Xl~I~ r C (O, r ) 41nf'h 1h1111 A lM' 

,.7 ,.ri 

~ •r". 

i.e .. c' = 1 t J t.". Nnw ~i& r r E. (O.r) C ~ - . .,,,,,. h111\·r ,., > I. hf'nu • r r" > J ~mi h.-nf'~,., > 1 -+ 7 . 

2. 1'1l~flr r E ~•• (whirh i41 im nprn u-1), /(r) = ,.,.i., t , l ill"ttN'. hy tN' rh~in m l,. A1"1 1h,- r,rodut t rut /. 
ft r rcnti"hlf' on !t~ "n,t for r c l_•.. " · ,s 

/'(7) • (ln(r) ~ l)s' '"' ' ' = (1 + ln(r )}r' 
Lrt r E (0. 1) (whirh i~ R. r,unrtnrM riRht ~w-lM nf'i~hhnrhntVi of O. Thrn 

/(r) - /(0) , , ,.1,) I r ••t •I I 
~ x --r-- = ln(r )~ 

Now Wf' know I lrn l 

h<'ncr 

lim rln(r) • 0 , .... i\lH I 

. rzln(, 1 
hm ---= I 
,-n• r ln(r ) · 

Bul sin« lhn 7 -n• ln(r) • - r,o, .,,,.,. ronr lu<lr . h)• the rlf"fflf"nl"f)" OfM'r"tlt)M on 11miL41. \hAt 

lim /(7
) - / (O) = - --c x I = - -x:. 

,-n· :r 0 

flenc• / is not rliflrrenti•hl, Rt 0. 

~) L<>t z E ~ • (whirh i• • pnn,turNi n•iRhborhood of O). Then 

g(7) - g(O) jiiisin(:r)ro<( l / .r) •in(.r) r-
- _,--0- • _,. = - _,.- v r tnF(\ l r ). 

Now, the fu nctkln r ...._. rM( I / :r) i~ hnnnrlffi on !.il .. , ~ncl we lHWC' lim r o,Jr • O. ht nf'f' 

!i~
0 

Ji;j,o,;(1/.r) = O. 

M k I r •in(.r) 1 h ,. •l•)-~I°> · · · orOO\'t r, "~ nnw t l At. _.,.11~
0
-_,.- • • f"nN' 1m7 _.n 

1
_ = l x O • 0. hrnM" g L~ d1ff£'rrn1u,blt at 0 

and g'(O) = 0. 

Exercise s. 
I. Since/ is differrnliAhl, on ln, b]. / i• rontin11011s on ln,b). hrllff q is rontinoou• <m (n.b;. :-=ow 5inrt, / i.-< 

differentiable at n, it is rk-AT from lhP rl,-linit.ion or" rlrrivAlh·r that lim g(r ) • /'(o) = g(a). hPnrP 9 i~ Al~ 

continuous &t 4 . 

2. We use the lntermrrli•L• V.Jnr ThMr.m: 

• g is continuous on [n, b). 
• g(a) = /'(o) < 0, 

• g(b) = / (b) - / (a) > 0 •inN' /(h) > / (a) •n~ h > " · 
b- n 

,_,.. 

Hence, by the lnlPTTnf'Oiotr V,Iu, ThPOrtm, I.her, ,xi.is p E (n,h) su,·h thRl g(p) • 0. From g(p) • 0 ~·r 

conclude that / (p) = /(n). 

3. We know that 

• J is continuous on ln.,pj (sinrr ln,p] C [n, b) ,ml/ is nillrrt'ntillhl, on ln,hl). 

• J is different.i•hl• on (a, p) (sinre (n. p) C In, hj ,,nn / is niffm111iahl, on In, h ). 

• /(p) = /(a) (hy the pr,vious qnPSl ion). 

by Rolle's Theor,m, thrr, exi<ls r E (n,p) sud, th•l /'(r) = 0. 


