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Exercise 1.
1. By induction: the initial step is true since u; = \/E Asswmne that 0 < u,, < 2 for some n > 1. Then

2< 24w, <4, und hence V2 < V21 ay < 2, nnd hence 0< uggg < 2

2. We first show that the sequence (u,,),,>1 is increasing: let n > 1. Theu

ey Uh=v,2—+-u—“' - 24 u, —u? _ (un 4 1)(u, —').
' V2 Uy + oy V2t u, +up
Now since uy, € (0.2) we have:
u,+1>0 u, - 2<0, \,f!i_u,,iu,,>9
lieuce u,, .1 — u, > 0 hence the sequence (u, ), is increasing.

Since the sequence (uy, ), > is increasing und bounded from above, we conelude, by the Monotone Limit
Theorem. that (u,,),>; converges. We denote by { the limit of ()5, We conclude {rom Question 1 that

0 < (<2 Sinee forall n € N, wysy = V24 uy, tuking the limit us v = 4ou (using the elementary

operations on limits) yields:

L=y241L.
Now,
(=V240 = =2+t since { > 0
= P-1-2=0

= ((+1){(-2)=
= (=2 since £ 41 # 0 since £ > 0.

Henee lim u, = 2.
N

J. For N € N* we define the proposition

’n) vz ¢ R, sin(r) = 2" sin (oN) f[ (»;r.)

We show that for all N € N*, Proposition Py is true, by induction on N:
* Base cuse: let x € R, Then

sin(r) = sin (.’J—’) = 2sin (f) Cos (f) = 2V gin (:—1) H s (i)

Hence Py is true,

 Inductive step: assume that Py is true for some N > 1. Let £ € R. Then:

sin(r) = 2% sin (2N) ﬁ cos (Zi') by Py
N . r - b
=2 sin (zz,m) Hlu» (2i') =225 (ZNIH)“"\" (z;ﬂ) INst (%)
n= n=1
N+l N
=2¥ 4y (2;_,) "Ii cos (i—)

Hence Py, | is true,

4. By induction: for n =1 we have

5.

2
con (y) = ety = X2 - 1,

hence the base case is true, Assume that, for some n € N*, ane has cos(7/2"') = u, /2. Then:

cos? (2"—"”,) = % (] + cos (#))

= % (] + "?") by our induction hypothesis
%(2 + 1y ).

Now, since 7/2" 42 ¢ [-7/2,7/2), we know that cos(r/2"*2) > 0. hence

2 . _ l -\/2+lln‘Un-L
wf (35) = 3@ tu) =5 = 5

Let N € N*. From the previous questions we have:

N N S x N
1=sin(%)=2Nsin(?;%)£[‘m(—2-::-l—)=2~sin(w%)g—“é‘—-=2ThBl%

iy
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and we conclude:
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Now, lim —— =
iz DT 0, hence

im
N=+4o0
2N+
hence
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2 Un
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Exercise 2.

1.

[

By the product rule,

and we conclude that

Vr € (1,+00), f'(x) > 0.
Since f is continuous on (-1, +20) and for every point rg € [—1,+ac)\ {1}, f'(£0) > 0, we conclude that
J is increasing on [~1,+00).

. Since the function f is increasing on [ 1, +50), we must have

Vr€ [-1,+x), flr) > f(-1)= -1/e.

Hence g is well defined, and since g is incrensing, g is injective. Moreover, since g is increasing and continons,
by the Intermediate Value Theorem, we must have:

(=1 +o0)) = [.o( 1).r;3'3“g1r)).

Now it is clear from the elementary operations on limits that  lim g(z) = +20, hence the range of g is
Ryt

[~1/e,+00), hence g is also surjective.



3. a) We know that for all & € (- 1. 400). ¢'(x) = (¢ + 1)e* # 0. henee W is differentiable on _q((—].+uc)) =
(—1/e, +0).

Since g'( 1) = 0, we conclude that W’ is not differentiable at g(—1) = —1/e.
h) We know from the Inverse Function Rule that

1

Vr€ (—1/e,400), l'l"(:e") - m,

Hence taking r = 0 € (—1/e.4o¢) in the previous proposition yields: W'(0) = 1.

Exercise 3.

1. In the following are given the domain and the range of the functions, as well as the domain of differentiability
and the formula for their derivative:

arcsin : [<101] = [=n/2,7/2) aresin’ ¢ (- 1,1) — R
R
1=x
arctan : R (=n/2,7/2) arctan’ : R — R
1
W Pt _-—1 + ;!-2
sinh : RR sinh’ : K— R
x v cosh(x)
tanh : R=(=1,1) tanh' @ R — R
1
2 — 1= tanh*(z) = —5—
) cosh?(z)

e tanh is defined on R and its range is (=1,1); arcsin is defined on [=1,1] (which contains the range of
tanh), hence aresin(tanh(x)) is defined for all z € R.

e sinh is defined on R and arctan too, hence urcl.an(sinh(r)) is defined on R.
Conclusion, D = R.

3. n) By the chain rule: tanh is differentiable on B and aresin is differentiable on tanh(R) € (~1,1), hence [ is
differentiable on R and for = € R,

T B - N 1 1 _ 1 1
J'(r) = tanh'(x) arcsin (l‘unll(.l,)) = |:u.~'112(.r) \/1 ' w”hz(-c) = cosh?(z) 1
cosh?(z)
= —l]m+ since cosh(r) > 1> 0
cosh®(r
cosh(r)
_ 1
" cosh(r)

b) By the chain rule: sinh is differentiable on K and arctan is differentiable on sinh(R) C R, hence g is
differentiable on R and for » € R,

1

¢'(x) = sinh’(z) arctan’ (sinh ()} = cosh(x) cosh;z(.c) e

1
———— =cosh(r
1 + sinh*(x) (=)

¢) Hence u is differentiable on R und «' = f* — ¢’ and hence
1 1
VreR, v(g)= ——— — ——— =0,
wER.le) cosh(r)  cosh(r)
d) Since R is an inferval, we conclude that u is constant. Since
u(0) = f(0) ~ g(0) = arcsin(tanh(0)) - arctan (sinh(0)) = aresin(0) — arctan(0) =0-0=10,
we conclude that u is the nil function on R. Hence f and g are equal. We hence showed that

Vo € R, wresin(tanh(xr)) = arctan(sinh(x)).

Exercise 4.

1. Let x € R%. Since the function exp is continnons on 0, and

lifferentiab G
Theorem, there exists ¢ € (0,7) sneh that ifferentiable on (0.x). by the Mean Value

L
r—0
ie., e =1+ ze". Now si 0 2 £
5 - Now since e € (0, ) C R*, we have ¢ > 1, hence r0° > r and hence o7 >

1+
2. For r € R, (which is an open set), f(r) = o™ Hence. by the chai
; 5 ¥ = y . by 1 1 the is
differentiable on R and for » ¢ R*, R el

=e,

I'(3) = (In(=) 4 1)e" ™7 = (1 4 In(z))”.
Let x € (0,1) (which is a punctured right sided neighborhaod of 0. Then

fle) - f(0)  erinlr) 4 erin(r) 4
= =In(r)
r-0 x rin{r)
Now we know that
fm #h(z)=0 asd  fim Sl
240+ xon X

hence
erInlz) _ 1
lim —— =
0+ rin(r)
But since lim, 5+ In(z) = =50, we conclude, by the elementary operations on limits, that

lim J(z) - f(0) -
ra0* r-0

Hence [ is not differentiable at 0.

xxl=—nc

8) Let z € R* (which is a punctured neighborhood of 0). Then
alx) - 9(0) _ /[lsin(z) cos(1/x

) - sin(r) "
P = *T\/rms(l_‘:).
Now, the function 7+ cos(1/x) is bounded on R*, and we have limr — 04/ z = 0. hence

liLnn \/T;ms(l/:) =0.

. sin(r
Moreover, we know that, 1117}’ (z)
=

=1, hence im;_n iLL‘ﬁ{—Ul
and ¢'(0) = 0.

To

=1x0=0, hence g is differentiable at 0

Exercise 5.

1. Since f is differentiable on [a, b}, [ is continuons on [a,B], hence g is continuous on (a,b]. Now since f is
differentiable at a, it is clear from the definition of a derivative that lim_g(r) = f'(a) = g(a). hence g is also
ra
continuous at a.

2. We use the Intermediate Value Theorem:
« g is continuous on [a,b],
* gla) = ['(0) <O, ‘
g(b) = %-‘-“-) > 0 since f(h) > f(a) and b > a.
Hence, by the Intermediate Value Theorem, there exists p € (.5) such that g(p) = 0. From g(p) = 0 we
conclude that f(p) = f(a).
3. We know that

o f is continuous on [a,p) (since [a,p] C [a.b] and [ is differentiable on [a,b}),
o f is differentiable on (a,p) (since (a,p) C [n.h] and [ is differentiable on {a,b)).
o f(p) = f(a) (by the previous question),

by Rolle’s Theorem, there exists ¢ € (a,p) such that f'(¢) = 0.



