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Hence an antiderivative of 7 +» D is given by
4+l
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Exercise 1.
. Hence an antiderivative of z EE2 is given by
1. Forz e R*, o 1 4zl
(e —::)t * = exp (;-iln(ez - :)) . i 2 __1__) .
:c»—r—ln(12+z+1)+\/5”°ta"('ﬁ V3 exists
Now, 2 MVT1) there
-z —1 Value Theorem (
6. The function g : t = f(t) — 2 is continuous on [0, 1] hence, by the Mean
hence % 5 c € [0,1] such that
Foz) ~ & -1-z = = +o(z?) ~ = 1 :
la(e" ~z) ~ ¢ o2 ST 99 =15 fn Lk
Hence
Ni =
= In(e” — =) ~u§—g,%‘ o i (X _Log
R [swa=[vo-aa= [ roa- [ a=3- |5]..=373
hence Y ap ;
l‘lﬁn}}(e‘ —o) " == e Hence g(c) = f(¢) —c? =0.
2. Let z € R. In order to have the integral well-defined, we need the function ¢ + e!/t to be (piecewise) Exercise 2. ( 2/3)
ti Z 1], which is the case if and only il £ > 0 or z < —1. Hence D = (—o0, —1) U (0, 4+c0). 45 c € (0,
et ot 3 it g ( Ry ) 1. Since the function sin is of class C® on [0,2/3] and 7 times differentiable on (0,2/3) there Exists
3. such that
4. Let n € N*. By an integration by parts, (%) i 2\’
FEIEI sin(2/3) = Zs’“ © ( ) p ] (~)
2 cos(nt)]"=*" L1 ; 3 5040 \3
J(t)sin{nt)dt = [—f(t) 5 ] f f'(t) cos(nt) dt _2_1(2 :|+ 1 /2\*  cos(c) 2 ¥
2 T3 6\3) T120\3 5040 \3
——I( i) f(O) f f'(t) cos(nt) dt
': Since ¢ € (0,2/3) c (0,7/2), 0 < cos(c) < 1, hence
Y . ‘ _ . te :
= E-/I; J'(t) cos(nt) dt since [(0) = f(2n) since [ is periodic of period 2m. (2)1 1 . _cos(e) (E)v s
3/ 5040 4 i
Now, by the triangle inequality, el
= & # = 2 172\ 1 2\ 1 oy 2 _1FEN . L fa
't.cosm!dt'ﬁf '(t) cos(nt dts/ ‘(t)] dt. ——=lz — 3] ——== (= i e — —)-
fo [Oeostn)dt| < | |fOcos(u)de< |70 37 5\3) T\3) wmlz) <mA<3-5(5) *mo\3
Hence, . . 2. With the values given, we conclude that
" 1 p
J(t)sin(nt dzl £ —j f'()]dt — 0. 22
e T SGE:; 683890 R izsi:
Hence, by the Squeeze Theorem, :
: e Now we also read that:
lim f(t)sin(nt)dt = 0.
n—+too fy 2254 2254 8
—— < (0.618382 and = > 0.618381 — 0.000012 = 0.618369.
5 LetzcR. 3645 3645 683904
T+2 1 2z+1 3 1 H
7 17 2% 1taz T e
. Ttz Tttt ¢tz + 0.618369 < sin{2/3) < 0.618382,
ow,
hence we get the value of sin(2/3) correct to 4 decimal places:
1 1
Piztl (1204 3/4 sin(2/3) = 0.6183...
4 1
=3 m Exercise 3.
4

4 1. 2) We know that
3 T 3
(22/V3+1/¥3)" +1 sin(z) = - i%—+o(ﬂ=3)



= 3 3
hence sin(z) - % = —6«+n(z) & 2

1,
Also, since cosh(#) 723

|
In(cosh(z)) ~ cosh(z) -1 o %

b) Hence flz) ~ =8
40 3 z0
i an extension by continuity faloand Fo) =o.
Hence f possee

o d the denominator at order 4. For this, we use the following Taylor—Young expansions:

' X2 3 . )
X) = Xf——+o(X ).X=cosh(:)m1 _z ¢

In(1+X) Xe0 ) ek 5t o(::‘)

2N = 4 g T
Hence, since X~ 2/2, we have o(X ) ::u°(¢ ) and hence

4

2
In(cosh(z)) = In(1+ X) i (% 2 —;Z + u(zi)) _ }:’ (J:; 4 D(xz))? +ofat)
Ij

.'E‘
= — = — 4
0 2 12+°(3)

We now use the expansion

: 28 z8
SINT) -z = —— e 5
(@) 5 +120+0(m i

z—0

and & long division:
TFigure 3 - Graph of f and A (in dashed) in a neighborhood of 0
Exercise 4.
1. Let n € N*. Since 0 < u, we conclude that 1 < €*~, hence, multiplying by un (which is positive), we obtain

1
Up < Upe™™ = —.
n

Hence,
1
0<u, < —,
n
and by the Squeeze Theorem, u, “_:b 0
oo
Hence
z z 18 2. Hence e*» —+ 1,hencee* ~ 1 hence
(z) = ——=— 4 0(23) n—++o0 n—+400
z+0 3 180 .
1 1 e
chceu:O,b=~-§‘c=0|d=_%_ ﬂ—'une oo U

3. 8) An equation of the tangent line A to the graph of f at (o,j(u)) is: 3. We know that eX = 1+ X +0o(X), hence XeX = X+ X2+ 0(X?). Now, from the previous question,

X0
z
Ary=-I, = L L
3 u“v\—;_+mn+o(n )
Moreover, the graph of f is below A for z > 0 (and = smell enough) and the graph of f is above A for Hence,
2 <0 (and z small enough).
b) See Figure 3. e replacing X by un (which is valid since X = un Barr 0),
1 1 1
« using the fact that o(u?) ae® (—;5) since tn |~
yields .
S=upett = wcbunto(ul),

n nes oo



hence, from u, = 1 + 0(1)‘
n n

L. 1 1)\? 1 1 1
e H‘w“"*(ﬁ“(i)) *"(n‘?)nim"”?“’(ﬁ)'

and hence

Exercise 5.

1. Forn € N,

where we recognize the Riemann sum associated with the continuous function
01— R
1

z

14z
and the tagged subdivision T' = ((zo,...,Zn), (t1,-- -, f..,)) of [0,1] given by

VkE(U,.._,n}_ :k=§, VkE{l,...,n}, e =Tk

Hence

2 1 1 dz z=1
i —_— —_— = In(2).
n-]yfmz;ni-k [, 142z []n(1+:)]"° n(2)

~

. &) The sequence (un)nen- is increasing since, for n € N*,

Un41 — Un 0.

=—>
n+1
Hence, by the Monotone Limit Theorem, the limit £ of (un)nen- exists in R. Since u; = 1 > 0, we must
have £ € R} U {400}
b) Let n € N°. Then
il_‘: 1 z“: 1 5‘: 1 Z": 1
Y —Unp1 =) ¢ — ) o= z & Y =
Bk mi® et TP
where we shifted the index using p= k — n.
¢) We know that £ € R} U {+00}. We proceed by contradiction: we assume that £ # +o00. Then, since
limp 4 4 oo tign = € and limp s 40 Un41 = &, using Lhe elementary operations on limits yields:

lim un —tng1 =€—€=0.
n—++co

But from the preliminary question, we know that this limit is In(2) # 0; we hence obtained a contradiction,
and we conclude that £ = 4-co.

Exercise 6.

T+ y-2:=0 z+ y—2z=0 z+ y-2z=0
(S) § 22— y- z=0 = -3y+32=0 <= -3y +3z=0
—z4 2y 2=0 R B3R 3y-3z=0 P Math 0=0

Ry+ Ry+ Ry

Hence System (S) is compatible and of rank 2. We choose z as parameter and perform the back-substitution:

T+ y—-2z=0 =2z
(S) = “3y+3:2=0 <= {y=2
zZ=2 =z



