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Exercise 1. 

1. F'or%ER•, 

)11,' (l ( ' )) ( e.- - z = exp ii" In e - % • 

Now, 

hence 
:z:'2 :z:'2 

ln(e' - :i:) ; :;
0 

e' - l - x ; :;
0 2 + o(:i:2 ) ; :;

0 2 -

Hence 

hence 

2. Let x E R. In order to have the integral well-defined, we need the function t H c' /t to be (piecewise) 
continuous [x, x + 11, which is the case if and only if:,; > 0 or% < - 1. Hence D = (-oo, - 1) U (0, +oo). 

3. 

4. Let n e N'. By an integration by parts, 

J (t)sin(nl)dt = - J(t)°
05 

n + - /'(t)cos(nt)dt 1,. [ , t)l'='• 1 1,. 
o n t=O n o 

= - J{2ff) + f(O) + ~ {'" J'(t) cos(nt) dt 
n n n Jo 

11'· = - /'(t) cos(nt) dt 
n o 

, ince J(O) = J(2ff) ,ince J is periodic of period 2ff. 

Now, by the t riangle inequality, 

I r'· I r'· r'· lo /'(t)cos(nt)dt $ lo IJ'(t) cos(nt)l dt $ lo IJ'(t)ldt. 

Hence, 

11,. I 1 l'· f(t) sin(nt) dt $ - IJ'(t)I dt --t 0. 
0 n O n-H-CX) 

Hence, by the Squcc:z.c Theorem, 

1
,. 

lim f(t)sin(nt}dt = 0. 
n-++oo 0 

5. Let% ER. 
x+2 1 2x+l + 3 

x' + x + 1 = 2 x' + x + 1 2 x2 + x + 1 · 

1 1 
x' + x + 1 = (x + 1/2)' + 3/4 

4 1 

- 3 4/3 (x + 1/2)2 + 1 
4 1 

= 3 (2x/../3 + 1/,/3)2 + 1 · 

Hence an antiderive.tive 0£ z ._. __ I __ is given by 
:z2 + :r: + 1 

2 (2:i: l ) :,; ...., ./3 arctan :/3 + 7J 

Hence an antiderivative or 2: .,..... ~ is given by 
:i:2 + :z: + 1 

I (2:i: + _!..). x...., - ln(x2 +:,; + 1) + J3 arctan Jj ;/3 -~;,ts 
2 }JfV'f 1) there .,,._ 

6. The function g : t H J(t) - 12 is continuous on [O, l] hence, by the Mean 
c E [O , l] such that 

Value Theorern ( 

1 !,' g(c) = - g(t) dt. 
1 - 0 o 

Now, 
l l l I 1 [t3 1t~l -~ - ~ = 0 !. g(t)dt = !. (/(t) - t2) di=!. J(t)dt - !. t

2
dt = 3 - l3 t=O - 3 3 

Hence g(c) = f (c) - c' = 0. 

Exe rcise 2. . (0 2/ 3) 
. ( 2/ 3) there e:insts c E ' 1. Since the function sin is of class C" on [O, 2/3] and 7 t imes d ifferent iable on 0, 

such that 

. _ ~ sinl•l (O) (2)• sinl
7
l(c) (:) ' 

sm(2/ 3) - ;;'o--k!- 3 + 5040 3 

_ 2 _ 1 (2)3 
1 (2)' _ cos(c) (:)' 

3 6 3 + 120 3 5040 3 

Since c E (0,2/3) C (0,.,, / 2) , 0 < coo(c) < l , hence 

(
~)' _I _ cos(c) (:) ' < O. 
3 5040 < 5040 3 

Hence 

2. W ith the values given, we conclude that 

Now we o.lso read that: 

Hence 

2254 
0.618382 3645 < 

2254 8 . 2254 
3645 - 688905 < s,n(2/ 3) < 3645 · 

and 
2254 8 
3645 - 688904 > 0.618381 - 0.000012 = 0.618369. 

0.618369 < sin(2/ 3) < 0.618382, 

hence we get the value of sin(2/3) correct to 4 decimal places: 

sin(2/3) = 0.6183 ... 

Exercise 3. 

1. a) We know that 
%3 

sin(x) . ~ox - 6 + o(,:3) 



hence 

Also, since ('C)Oh(z) ~ 1' 

b) Hence 

sin(•) z• (') :t' -6 +oz ~ - -. .-.... o 6 

tn(cosh(x)) ~ cosh(:t) - \ ~ ~ 
:r• O z-.o 2 . 

f(x) ~ _:_-+. 
...... o 3 J:-tQ 

Hence / possesses 
&D extension by continuity i at O and i(O) = o. 

d th denominator at order 4. l'or this, we use the folio . T 1 2. We first expan e wmg a.y or- Young expansions: 

X' ' 
I (t+X) = x - -+o(X ).X=cosh(:z:) - 1 
n X-tO 2 

::r2 z• 
z~o 2 + 24 + o(:z:') 

H since X ~ r 2/2, we have o(X') = o(:z:') and hence cnce. :r·• O :r• O 

( x' :t
4 

) J ( 2 , 
ln(cosh(x)) = In(! + X) x:.o 2 + 24 + o(x') - 2 ;. + o(x')) + o(x') 

x2 x4 

, ~o 2 - 12 + o(:z:') 

We now use the expansion 
. x3 xS 

sm(x) - x = - -+-+o(x•) 
z:-tO 6 120 I 

and e. long division: 

:z:'2 x• 
2 - 12 + o(x') 

Hence 

1 7 
Hence • = 0, b = - 3, c = 0, d = - ISO. 

3. a) An equation of the tangent line 6. to the graph of j at (o,f(O)) is: 

X 
t.: y= - 3· 

Moreover, the graph of j is below t. for x > 0 (and :z: small enough) and the graph of i is above 6. for 
x < 0 (and x small enough) . 

b) See l'igure 3. 

• 

F igure 3 - Graph of i and 6. (in dashed) in a neighborhood of 0 

Exercise 4. 

I. Let n E N• . Since O < Un we conclude that I < e..,, , hence, multiplying by Un (which is ;x,si:i,-.), ,.,. obtain 

Hence, 

u.<u.e..,,=.'.. . 
n 

O< u.<.'.., 
n 

and by the Squeeze Theorem, Un -+ 0. 
n• +OQ 

2. Hence e~ ---t 1, hence e"" ~ 1 hence 
n-t+OQ n • -too 

!_ = Un.e"" ~ Un, 
n n • +oo 

3. We know that ex x:.o I+ X + o(X), hence Xex x:.o X + X' + o(X2
). !\ow, irom th< previous question, 

I (I) Un = - +o - . 
n• +oo n n 

• replacing X by Un (which is valid since X = Un -+ 0), 
n • +<X> 

• using the fact that o( u~) = o (-1,) since Un ~ .'.. 
n-ttoo n n ... +N n 

yields 

.'.. =u.e•• = u.+t,!+o(u!) , 
n n .... • o.1 



hence, from u,, = 
1 +o( 1

) , 
" ... +oo n n 

and hence 

u,, = -- -+o -l l ( l ) 
n-+oo n n1 n2 

Exercise S. 

l Forn E N' , 
" 1 n 1 I 
L, n+k = L l +k/n ;. 
• 1 t • l 

where we rea,gnize Lhe Riemann sum associated with the continuous function 

/ : fO, l j-> R . 
I 

:r ,-.+ --
1 + :r 

and the taw,d subdivision T = ((:r0 , ..• , :r.), (t1, ••. , t,,)) of IO, lJ given by 

Hence 

Vk e (0, ... ,n), :r, = ~. 
n 

Vk E {l, ... , n} , t, = :r, . 

lim t -1
- = J.' ~ = [ln(l + :r)I'•~ = ln(2). 

n ... +oo l • I n + k O 1 + :t . ,. 

2. a) The sequence (u,,). e"· is incttu ing since, for n E N', 

Un-+-1 - Un =_I _> 0. 
n+I 

Hence, by the Monotone Limit Theorem, the limit t of (u,,).e"· exists in ii. Since u, = I > 0, we must 
have t E R~ U ( +oo) . 

b) Let n EN'. Then 
2
" l " 1 2

" 1 " l 
u,. - U.+l = Lk - Lk = L k= L ;;T• 

t • I l •J t • -..+I p=l p 

where we ohifted the index using p = k - n. 

c) We know 1hal t E Rj U { +oo) We proceed by contradiction: we nssume that t # +oo. Then, since 
lim" ... • oo u," = t and limn ... +oo ""'•1 = l, using the elementary operations on limit.s yields: 

lim u,. - u.+1 = t - t = 0. 
n ... +oo 

IJut from the preliminary question, we know that this limit is ln(2) # O; we hence obtained a contradiction, 
and we conclude that t = +oo. 

Exl!rclso 6. 

llencc System (S) is compatible and of rank 2. We choose z u parameter and perform the back-substitution: 

{

:r + y - 2z=0 { :r = z 
(S) <= - 3y+3z=0 <=> y = z 

z=z z=z 


