
INSll~~o~ SCAN 1 - S2 - Math Test #4 - 2h March 23, 2018 

No documents, 110 calculators, no cell phones or electronic devices allowed. Cute and fluffy pets allowed (for moral 

support only). 

All your answers must be fully (but concisely) justified, unless noted otherwise. 

Exercise 1. The questions of this exercise are independent from each other. 

Determine the value of the following limit: 

I. ( X )l/x2 
rm e -x . 

x-+O 

- J 2. Determine the largest subset D of R such that for all x E D the following expression 

is well-defined. 

l
x+I e' 

-dt 
X t 

3. Let f : R -+ R be a function of class C1, periodic of period 2.ir. Show, using an integration by parts, that 

1
2n 

Jim f(t) sin(nt) dt = 0. 
n---++oo 0 

Determine an antiderivative of the function f defined by 

f : R- R 
x+2 

~ X ~ X 2 + X + 1 . 

5~: [0, 1]-+ R be a continuous function such that 

1
1 

f(t)dt = ~-
o 3 

Show that there exists c E (0, 1] such that f(c) = c2• 

Exercis ~ e goal of this exercise is to compute a numerical value of sin(2/ 3). 

~how that: 

~ _ (~)3 ~ + (~)s _l _ (~)7 _l <sin(~) < ~ _ (~)3 ~ + (~)s 
3 3 6 3 120 3 5040 3 3 3 6 3 120 

With a calculator (one that only computes elementary algebraic operations), we obtain: 

(
2)

3 
1 (2)

5 
1 2254 

3 3 6 + 3 120 - 3645 

=0.6 1838!344307270233196159!220850480109739368998628257887517146776406035665294924554 

(2)7 1 8 - - = -- < 0 000012 
3 5040 688905 . · · · · · ' 

(wh_ere the line over the digits means to repeat the digits). Deduce an approximation of sin(2/3) correct to as man 
decimal places as you can. y 



r--, Excrdsc 3. Let J be !he function dcfinC"d hy 

Find the simplest equivalents of 

sin(x) x 

I R' - R 

X I 
sin(x) - x 

ln(cosh(x)) · 

anti ln(cosh(x)) 

"--. asx-> 0. 

)>~educe that J possesses an extension by continuity at 0, that we denote by J. Specify the value of j(o). 

\

ow that there exists coefficients a, b, ~• d E R such that 

f(x) = a+ bx+ cx2 + dx3 + o(x3
), 

x-+0 

and determine a, b, c, d explicitly. 

\ :;· Det:rmine an equation of the tangent line 6 to the graph of j at (o, j (O)) and the relative position of the graph 

\off with respect to/) _ 

b) Sketch, on the same figure, the graph off and of 6 in a neighborhood of 0. 

1 
Exercise 4. You are given that for all n EN•, there exists a unique element Un E (0, 1) such that Uneun = - . 

. n 

\ • Show that lim Un = 0. 
' n--t+oo 

. Deduce that Un ~\Dowe have U n = _: + o (~)? 
n - HOO n n-t+OO n n 

---
. Deduce that 

1 1 ( 1 ) Un = - - - +o - . 
n-++00 n n2 n2 

Exercise 5. 

1. Preliminary question: Show that the following limit exists in lR and determine its value: 

n 1 

lim "-

~ We now define the sequence (un)neN by 

n-t+oo L.J n + k · 
k=I 

n 1 
Vn EN•, Un = I k' 

k=I 

~ ) Explain why the limit of the sequence (un)neN• exists in R~ U { +oo}. We denote bye the value of this limit. 

b},_ Let n E N•. Show that 

"'Deduce that e = +oo. 

n 1 
Uzn - Un+ I = I n + k • 

k=I 

Solve (using the Gaussian elimination) the following linear system, and determine its rank: 

{ 

x+ y - 2z=O 
2x- y - z = O 
- x+2y - z = O 


