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Exercise 1.
e Initial step: for n =1,
dk+1)2F=2x2=4=1x2"",

k=1
hence the property is true for n = 1.

e Assume that there exists n € N* such that

n

(Pn) > (k4 1)28 = n2ntt,
k=1

n+1 n
D (k+1)28 = (Z(’f + 1)2’“> + (n+2)27H!

k=1

=n2"t 4+ (n42)2"H! since (Pp) is true
= (2n +2)2"*!

= (n + 1)271-‘1—2’

hence (P,41) is true.

Exercise 2. Let x € R. Then:

cos(x) 4 sin(x) = V2

1 1
— cos(z) + —=sin(z) =1

V2 V2
sin(m/4) cos(x) + cos(n/4) sin(z) = 1
sin(x +7/4) =1

™ ™
€, xt+ 7= 5 +2kn

I € Z, x:Z—i—le

[

Exercise 3.
1.
N
So=>» 1=N+1
k=0
and
N N(N +1)
Sy = ];)k = 5

2. a) We recognize that T4 is a telescopic sum:

N
T = E Tht1 — Th
k=0

with x5, = k3, hence
Ty =an41 —x0= (N +1)3
Also, for k € N,
(k+1) — k> =k +3k> + 3k +1 - k* = 3k® + 3k + 1,

hence
N N N

N
To=> (3k*+3k+1)=3> k> +3) k+> 1=3%+35 + 5.

k=0 k=0 k=0 k=0



b) Hence

1 1 N(N +1)(2N +1

3. We define:
N

Ty=> (k+1)*—k*

k=0
so that
T3 = (N—|—1)4 =453 + 655 + 451 + .5

and we obtain

N+t 3 1 (NN +1)\?
S8= 52 =S = 1% - 2
Exercise 4.
1. See Figure|]]
1
-1 0

Figure 1 — Graph of function x of Exercise

2. z(R) = (—o0,1).

3. x is not injective since: 2(0) =0 = z(—1) and 0 # —1.
x is not surjective since 1 is in the codomain of x, but not in its range.

x is not bijective since x is not injective.



4. z is bounded from above (and 1 is an upper bound)

5. x is not bounded from below (it’s not possible to find a horizontal line such that the graph of x lies above
this horizontal line).

Z‘(R+) = [051)7x<R—) = [—oo,l),x(Ri) = (O’Dvx((_lal])

x[il](R*) = (700,71] U{O}’x[il](Ri) = (7007*1]739[71]([07 ]-D = [71,4’00)71.[71}((0;1]) = (71’0)U (07+OO

7. Let a,b € R* such that a < b. Observe that @ < b < 0, hence a® > b2, hence —a? < —b?, hence 1 —a? < 1—b?,
hence z(a) < z(b).

We conclude that x is increasing on R* .
Exercise 5.

1. Assume that h is injective, and let’s prove that f is injective: let x,y € A such that f(z) = f(y). Then
g(f(x)) = g(f(y)), ie., h(z) = h(y). Since h is injective, we conclude that = y. Hence f is injective.

2. Assume that h is surjective, and let’s prove that g is surjective: let z € C. Since h is surjective, there exists
x € A such that h(z) = z. Define y = f(x). Then: g(y) = g(f(z)) = h(z) = 2.

3. No! let A= {0}, B=C = {0,1} and define:

f: A—B
T — T
and
g: B—C
T — T

Notice that f and g are well-defined, that f is injective and that g is surjective. Then:

h: A—C
T —
is not surjective.
Exercise 6. We perform the long division:
222 — 4z 4+ 10

2?2 +1 204 — 423 +122% — 42+ 10
7<2x4 + 2z2)
— 42341022 — 42+ 10
—(—4x3 —4x )
1022 +10
~(1022 410 )
0

Hence
v € C, p(z) = (x2 + 1) (2x2 —4x + 10),

and since i> = —1 we conclude that p(i) = 0.

We now look at the polynomial X2 —2X +5: its roots are 14 2i and 1 — 24, so we conclude that the factorizations
of pin R and C are:

Vz € C, p(z) =2(2* + 1) (2® — 22 +5) in R
2z —d)(z+i)(x—1—2i)(x — 1+ 2i) inC

)

[0,1),

)



