INSA &=
LYOH SCAN 1 — Math Test #4 — 1h30

No doctutr;len)ts. no caleulators, no cell phones or electronic devices allowed. Cute and fluffy pets allowed (for moral
support only). :

All your answers must be fully (but concisely) justified, unless noted otherwise.

Exercise 1. The goal of this exercise is to compute an approximation value of /e,
1. Recall the N-th order Taylor-Lagrange formula for a function f on an interval [a, b].

2. Show, by the applying the 4-th order Taylor-Lagrange formula to the function exp, that

-21—1<\/E<2“+ ! <2“+oooos
128 128 1920 128 '

You may use, without any justifications, the fact that 0 < e < 4.

3. You're given the exact value:

211 _ | 6484375
128 Y

Deduce an approximation of /e correct to as many decimal places as you can.

Exercise 2. The goal of this exercise is to prove the following theorem, known as Cauchy's Mean Value Theorem:

Theorem. Leta, b € R witha # b and let f : [a,b] — R and g : [a, b] = R be such that:

» f and g are continuous on [a, b},

« f and g are differentiable on (a, b)
Then there exists ¢ € (a, b) such that

(FB) ~ Fiatie'tey= (a8 = g o)

We assume that a, b, f, g satisfy the condition of the theorem

1. State the (standard) Mean Value Theorem, and explain why itisa particular case of Cauchy’s Mean Value Theorem.

2. Proof of Cauchy’s Mean Value Theorem: define the function:

h: [ab] — R
x  +— (g(b) = g(a)) f(x) = (f(b) = f(a))g(x).

Prove Cauchy’s Mean Value Theorem by applying Rolle’s Theorem to h.

Application: for t € [0,1] we denote by M; = (x(t), y(t)) the position of a particle at time t in the plane. We assume

that x and y are differentiable on [0, 1].
Show that there exists to € (0, 1) such that the velocity of the particle at time t is collinear (i.e,, parallel) to the vector

—_
MyM,. Sketch a graph to illustrate this result.

Exercise 3. The questions of this exercise are independent from each other.
1. Find the simplest equivalent as x — +oo of In(e* + x).

2. Use equivalents to determine the value of the following limit ’1‘1210 (cosh(x))” =

3, Find the simplest equivalent as x — 0 of V1 + x* —cos(x).



Exercise 4. We define:
fon_,R and YneN, fnol:R‘_" R

X X Xv—-otl"“)—l.

1. Show that
Yn €N, f,(0)=0.

2. Explain why, for all n € N the function f, possesses a second order Taylor-Young expansion at 0.
We denote by a, and f, the coefficients such that

falx) S GnX* Bax® +0(x7).

For n € N, express a,,, and f,,; in terms of a,, and B

Deduce a formula for the coefficients a,, and f, that only depend on n.

For n € N, deduce the relative position of the graph of f, and f,., in a neighborhood of 0.
For n € N, deduce the value of £;(0) and £;(0).

& » e oW

Exercise 5. The questions of this exercise are independent from each other.
1. Use a Taylor expansion to determine the value of the following limit:
. cos(In(1 +x)) — 1 +x%/2

x40 x
2. Let
f: (=1,00U(0, +00) — R
sin{x)
+ In(1 +x)°

Show that f possesses an extension by continuity at 0 that we still denote by f, and that f is differentiable at
Determine an equation of the tangent line A to the graph of f at 0 as well as the relative position of f with respe
to A in a neighborhood of 0. Sketch a graph of f in a neighborhood of 0.

Exercise 6. The questions of this exercise are independent from each other.

1. Use an integration by parts to compute the value of

1
/ xe* dx.
0

2 Leta & (0,1)U (1, +c0), and let A € R,
a) Determine the value of the following integral:

1
rm)=f L
N

in terms of .
b) Deduce the value (in R) of the limit. lim I(A) in terms of a.



