INSA ’ INSSTg(l;JT NATéONAL
DES SCIENCE: .
APPLIQUEES SCAN 1 — Solution of Math Test #2 December 17, 2021

Romaric Pujol, romaric.pujol@insa-lyon.fr

Exercise 1.

1. Let x € R. Then

2150 <= 22>1 < z € (—00,—1)U(1, +o0).

A is well-defined <= =z
Hence D = (—o0, —1) U (1, +00).

2. fis even: D is symmetric with respect to the origin, and for « € D one has:
Fa) = cosh(ln((fx)z - 1)) - cosh(ln((mz - 1)) — f().

3. Since cosh > 1, f is bounded from below and 1 is a lower bound of f.
Moreover, f(v2) = cosh(In(1)) = cosh(0) = 1, and we conclude that inf f = 1.
Since f(v/2) = 1 = inf f, we conclude that min f exists and min f = 1.

We now determine the values of x € D such that f(z) =1: let z € D. Then:

flz)=1 < Cosh(ln(lﬁfl)) = I@’-1)=0 < 2’ -1=1 <= 1°=2 < z==2V2

4. fis:
e decreasing on (1,v/2]: let 2,y € (1,1/2] such that x < y. Then:

l<z<y<v2 = 1<2?<y?<2 since the square function is increasing on Ry
— 0<a2’-1<y?-1<1
- ln(x2 — 1) < ln(y2 — 1) <0 since In is increasing

= cosh <ln(x2 — 1)> cosh (ln(y2 — 1)) since cosh is decreasing on R_

hence f(z) > f(y), hence f is decreasing on (1,/2].
e increasing on [v/2, +00): let z,y € [V/2, +00) such that 2 < y. Then:

V2<z <y = 2<a? <y? since the square function is increasing on Ry
— 1<2?-1<y? -1
— 0< ln(ac2 — 1) < ln(y2 — 1)

= cosh (ln(:zr2 — 1)) < cosh <ln(y2 — 1)) since cosh is increasing on Ry

hence f(x) < f(y), hence f is increasing on [v/2, +-00),
and by the parity of f:
e increasing on [—v/2, —1),
e decreasing on (—oo, —v/2].

5. e lim f(z): we know that:

Tr—r+00

2> -1 — +oo  and In(X) — 40
x—+00 X —+oo
hence, by composition of limits,
111(352 — 1) — 4+
Tr—+00
and since lim o, cosh = 400 we obtain, by composition of limits,



e lim f(z): we know that
z—1t

2?~1 — 0  and In(X) — —o0
z—1+ X—0+

hence, by composition of limits,
ln(a:2 — 1) — —00
z—1+t
and since lim_ ., cosh = +00 we obtain, by composition of limits,

lim f(x) = +4o0.

z—1t

e By parity of f we deduce:

lim f(z) =+o0 and lim f(z) = +o0.

T—r—00 r——1-
6. Since Em f = +o0 we conclude that f is not bounded from above, and that
(o)
sup f = 4o0.

7. Let x € D. Then:

Hence « = —1/2, f=1/2 and v =1/2.
8. See Figure 3]
Exercise 2.

1. B is well-defined since the domain of arcsinh is R. For A: since 2?2 > 0 we conclude that 222 +1 > 1, and
since the domain of cosh is [1, +00), we conclude that A is well-defined too.

2. We have x = sinh(B) and hence, by the addition formula:
222 + 1 = 2sinh®(B) + 1 = cosh(2B).

Hence
A = arccosh(cosh(2B)) = 2|Bl.
. 1 . . .
C = sinh <2A) =sinh(|B|) = smh’arcsmh(x)|
Since sinh is odd and sinh(Ry) C Ry, it is easy to see that:

)

VX € R, sinh(|X|) = |sinh(X)

so that )
C = sinh <2A> = sinh(|B|) = ‘Sinh(arcsinh(ac))‘ = |x|.
Exercise 3.

1. First observe that the inequality about F can be rewritten as:

VieR, t—1< E(t) <t



Figure 3 — Graph of f and the curves (C) (short dashes) and (C3) (long dashes) of Exercise

Let n € N*. Then:

3
3

k=1 k=1 k=1
so that:
(ka) —n< Y Ekx)<zY k
k=1 k=1 k=1
Now we know that
2
k=1
hence
n(n+1) " n(n+1)
5 —-n< ZE(k:z:) <z 5
k=1
and hence:
nn+1) 2 " n(n+1)
e _E<ZEU§I)§$ o
k=1
So a, = —2/n.
. For n € N*,
1 2 1
n(nj)in;rn L
n n n n—+oo
and 5
oy =—— — 0,



hence

1) 2 1)2
g et 2 onm+DT

n—+0o n2 n n—r+00 n ’

and we conclude, by the Squeeze Theorem, that Em u, exists and its value is z.
oo

Exercise 4.

1. a)
0 ifg>0 0 ifg<0
(1= lim 2° ={1 if =0 and = lim 27 ={1 if =0
z—0t z——+00
+oo B <0 +oo if B> 0.

b) Let « € (0,7/2) (which is a punctured right-sided neighborhood of 0). Then:

In(1 +sinz) In(1 + sinx) sinx

— - xa—l
T sinx x
We know that: (1 + X)
n(l+
lim ——= =1
x50 X ’

and since sinx — 0 we conclude, by the composition of limits theorem,
z—0t

In(1 + sinz)

lim . =1.
z—0+ sin z
We also know that )
sin(x
tim S22
z—0 x
hence:
ifa<l1

lim ———— =<1 fa=1

z—0t1 %
4oo if a>1.
2. Let x € R. Then:
f@)?*=0
hence
f@)?+1>1
hence 1
0< ————<1,
fl@)P+17
1
which show that the function £ — ———— is bounded.
1+ f(x)?
e Since hr—? x = 400 we conclude, by (a corollary of) the Squeeze Theorem:
xTr—r+00
1
{1 = lim —— = +o0.

st T4 fla)?

e Since lin%) x = 0 we conclude, by (a corollary of) the Squeeze Theorem:
r—

fo=lim — > =0
PN f@)?

Exercise 5. It is false: for example with f = tanh and g = tanh +1. Then, clearly, f < g, f is bounded from
above and sup f = 1, g is bounded from below and inf g = 0 and the inequality

(P) supf=1<infg=0

is false. See Figure [



Figure 4 — Graph of f and g where f < g, f is bounded from above and g is bounded from below,
and sup f < infg.



