INSTITUT NATIONAL
DES SCIENCES

APPLIQUEES SCAN 1 — Solution of Math Test #3 March 17. 2022

LYON

INSA

Exercise 1.

Romaric Pujol, romaric.pujol@insa-lyon.fr

1. For t € RY,
f(t) = exp(sin(t) In(t))
hence, by the Chain Rule and the Product Rule f is differentiable and:

W Ry, 710 = (cost)n(o) + 252 ) e,

2. Since sin(z) — 0,
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4. We know that
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Exercise 2.

1. If f is of class C™ on [a,b] and N + 1 times differentiable on (a, b), then there exists ¢ € (a, b) such that

N r(k) a (N+1) (¢
10 =3 Fgo-at + G e-o™

2. In the case f = cos, a =0, b =z € (0,7/2] and N = 5 (which is valid since cos is of class C* on R, we
conclude that there exists ¢ € (0,x) such that

2 4
cos(z) =1-— > + Z—' - cotssgc) 5.
For P we take:
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and we indeed have deg P =4 < 5.

Now from
O<e<ax<

)
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applying cos which is decreasing on [0, 7/2] yields
1> cos(c) > cos(x) > 0,

and hence, since —z5/6! < 0:

x® cos(c) ¢ 0
66
and finally: ;
P(z) — % < P(z) — co;c) 2% = cos(z) < P(x)

as required with oo = 1/6.

3. From the given values:

1
0.944958 < P (3) < 0.944959

6

1\ 1/1
0.944956 < P (= ) — = (5 ) -
<(3)-a3)

Applying the previous result with z = 1/3 and these values yields

and hence

0.944956 < cos (;) < 0.944959

cos (;) =0.94495. ..

(and the next digit is either a 6, a 7 or an 8).

from which we deduce:

Exercise 3.
1. Let a,b € R with a # b, let f : [a,b] — R such that f is continuous on [a,b] and differentiable on (a,b), then
there exists ¢ € (a,b) such that
f(b) = f(a)

7o) =1

2. 'We proceed by contradiction: we assume that there exists a,b € R such that a # b and f(a) = a and f(b) = b.
Since f is differentiable on R, f is continuous on [a, b] and differentiable on (a,b) hence, by the Mean Value
Theorem, there exists ¢ € (a,b) such that

)~ fla) _b-a

! Cc)= = 17
Fie) b—a b—a
which is impossible.
Exercise 4.
1. e On [z, 23]: since f is twice differentiable on [z1, 23], f is continuous on [z, z2] and differentiable on

(x1,x2), and since f(x1) = f(x2) we conclude, by Rolle’s Theorem, that there exists ¢; € (z1, z2) such
that f'(c1) = 0.

e On [zg,x3]: since f is twice differentiable on [z1, 23], f is continuous on [zs, 23] and differentiable on
(22, 3), and since f(x2) = f(x3) we conclude, by Rolle’s Theorem, that there exists ¢y € (22, x3) such
that f'(ce) = 0.

e On [c1,co]: since f is twice differentiable on [z1, 23], f’ is differentiable on [z, z3] and hence [’ is
continuous on [cy, ¢o] and differentiable on (c1, ¢2). Hence, by Rolle’s Theorem, there exists ¢ € (¢1,¢2) C
(21, 23) such that f”(c) = 0.



2. Assume that P has at least three distinct real roots say x1 < xo < x3. Then, by the previous question, there
exists ¢ € (x1,x3) such that P”(c) = 0. But this is impossible since:

Vo € R, P"(x) = 122 + 2a > 2a > 0.

Exercise 5.

1. For x € [1/e,+0),
F(z) =In(z) + < = In(z) + 1.
x
2. Since
V€ (1/e,+00), f'(x) >0
and f is continuous, we conclude that f is increasing hence injective.

Moreover, by the the continuity of f again, and by (a corollary of) the Intermediate Value Theorem, we know
that

£/ +0) = | (1/0) 1 £ ) = [1/e.-+06).
Hence f is also onto.

3. Since f(1) = 0 we have f~1(0) = 1. Now f is differentiable at 1 and f’(1) = 1 # 0 so we conclude, by the
Inverse Function Rule, that f~! is differentiable at 0 and that

O =1=1

4. Since f(1/e) = —1/e we have f~1(—1/e) = 1/e. Now f’(1/e) = 0 so we conclude that f~! is not differentiable
at —1/e.

Exercise 6.

1.

2. From the equivalent of f at 0™ we conclude:

Jim f = 0 ?fa>1
o+ 1 ifa=1

hence f possesses an extension by continuity f at 0 and

~ 0 ifa>1
0:
1(0) {1 fa=1

3. Let x € R%.. Then:
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T z—0t z—0t
+oo fa<2
hence f is differentiable (on the right) at 0 if and only if & > 2 and in this case
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/O:
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a) We take sinh(z) =, 7+ 2%/6 + o(«®) and we obtain:
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b) Hence
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So A= -T7/6.
c) Let x € RY. Then:
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Hence f is differentiable from the right at 0 and we have f/(0) = 0.

Exercise 7.

1. We use u(x) = x and v'(x) = sin(x) so that «/(x) = 1 and we can take v(z) = — cos(x):

I =[-zcos(z)] _] ~/8 /077/3 cos(x) dx

= —geos(5) ~0+ b5
%—Fsm(g)—o

_ T, V3
6 2

2. With t = cos(z) we have dt = —sin(z) dz, and when z =0, ¢ = 1 and when « = 7, t = —1. Then:

-1
dt
1=
1 1+¢2
_/1 dt
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= [arctan(t)],"" |



