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Exercise 1. ?_'§

1.

supA =1, inf A=0, max A =1, minA DNE.

2. See Figure 3.

Figure 3 — Graph of the function f of Exercise 1.

sup f = 400, inf f =0, min f DNE;, max f DNE,

Exercise 2.

11 lim $2&)

x—0 X
(2) Let z € (—1,0) U (0, 400) (which is a punctured neighborhood of 0). Then:

=1.

e’ —1 "1 x .
In(1+2z) = In(l+z) 20"
by the known limits
. et —1
lim =

1, lim In(1 + z)xz = 1.
r—0 x z—0



(3) Let x € (—2m,0) U (0,27) (which is a punctured neighborhood of 0). Then:

sin(2?)  sin(z?) x2
cos(r)—1 a2 cos(w)—1 amsb —2

by the known limit
I cos(r) =1 1
zll}%) $2 o 2

2. There are three cases:

e a>0: let x € [1,+00) (which is a neighborhood of +00). Then:

+1 14z “
z +1n(z) 1+azn(z)

Since « >0, lim z7® =0, and lim z~®In(z) =0 so that
r—+00 T—r—+00

¢ +1
lim ———— =
z—+oo % + In(x)

e o = (: in this case we’re just computing:

2
li — =0.
a:ﬁnfoo 1+ ln(x) 0

e a < 0: since lim z% =0 we directly conclude:

xr——+00
. ¥ +1 0+1
lim = =
z—+oo % +In(x) 04 (400)
3. Let z € R. Then
tanh(x) = sinh(z) e’ —e™® 1—e 2* . 1-0
1_ " cosh(z) et +e®  1+4e 2% asioo 140
sinh(z)

z—+oo cosh(x) +00

Exercise 3. @

1. Let z,y € R such that f(z) =z and f(y) = y. Then, from the property satisfied by f we conclude

LSince lim = 1 we can conclude that sinh ~ cosh.

1
@) = f)] =le =yl < Slz |
hence 1
§|$ —y[<0
from which we obtain x —y =01ie.,z=y.

2. Let x € R. Then, from the property satisfied by f,

1
(@) = fl@)] = [f(@) —a| < S|z —al.
Hence, by the Squeeze Theorem we conclude that

lim | f(2) — f(a)] =0
ie.,

lim f(z) = f(a).

T—ra




Exercise 4.
1. We compute the rank of £:
rk B = rk| 1 -1 1 ]. = rk| 1
1 1 -1) ©Gca+e 1
C3 +— C3+Cq
Since #% = rk % = dim E = 3 we conclude that £ is a basis of FE.
2. By definition, P = P; 4+ P3; = 2X.

3. We notice that

%P1+%P2=X2, %P1+%P3:X, %P2+%P3:1
so that
1/2 1/2 0
[XQ]gg = 1/2 ) [X]% = 0 ) [1]33 = 1/2 ,
0 1/2 1/2

4. We rewrite () as:

1 1 1 1 1 a+b a+c b+c
Q:CL<2P1+2P2)+IJ( P1+2P3>+C(2P2+2P3>: 2 P1+ 9 P2+ 9 P3

so that we can take

a+b a-+c b+c
Q1= Py € Iy, Q2 = 5 P+ 5 P;cFy
a+b 9 a—b_, —a+bd a+b+2c
= X X -1 = X X .
2 ( + ) 2 + 2 + 2

5. a) e Since 0p(0) =0 = 0g(1), we conclude that 0 € G hence that G # ().
[ e Let P,QQ € G and let A € R, and set R = P + A\Q. We check that R € G:

R(0) = P(0) + AQ(0) = P(1) + AQ(1) = R(1).

No since P = X ¢ G since P(0) =0 # P(1) = 1.

Since Fy = Span{P», P3} and both F; and G are subspaces of E, we only need to check that P, € G and
P; € G: P,(0) =1 and P5(1) =1 so that P, € G and P5(0 )—1andP3( ) =1 so that P; € G.

Yes, we can in fact conclude that F, = G: since P, and Ps are not collinear, the family (Ps, Ps) is
independent hence dim F5 = 2. Now we know that Fy C G, hence dim Fy = 2 < dim G, and we also know
that G # E, hence dim G < 3 (hence dim G < 2). Hence dim G = 2. We finally conclude that F» = G by
the Inclusion—Equality Theorem.

d) Since £ is a basis of E, and from the definition of F; and F» we conclude that E = Fy @ Fy. Since Fb = G
we indeed have F = F} ® G.

b

C

)
)

Exercise 5.
1. Two possibilities (at least!):

e Computing the rank of %:

1 0 1 1 0 O
rk # = k|0 1 1 = k{0 1 1 = 3
1 1 0) G- 11 -1

so that Tk = #% = dim E = 3, hence £ is a basis of E.



e Solving a linear system: let (z,y,2) € F and a,b,c € R. Then:
a +c=x

b+c=y
a+b =z

-
{
{

auy + bug + cuz = (z,y, 2)

R3<—R3—R1 bec— o — o
a + c=x
b+ c=y
R“"<_R3_R2 —2c=z—T—y
1 1
W a= §.L—§y+§z
= b:—lx-i-*y—i—lz
2 2 2
1 1 1
c= §w+§y—§z

Since the system possesses a unique solution, we conclude that £ is a basis of E (and as a byproduct
we have the formula to express the coordinates of a vector of E in the basis £).

2. We know that a linear map is uniquely determined by the image of a basis of its domain; since (uq,us,us) is
L a basis of E (and since the values given are in F'), we conclude that such an f exists and is unique.

3.
01 1

A=[flzstar= (1 0 0
00 1

4. We need the values of f(e1), f(e2) and f(es), and for this we need the coordinates of the vectors of eq, ez and
es in the basis #: using the result of the system solved in Question 1 (or by a direct computation) we have:

1/2 —1/2 1/2
ez = -1/2], lea]z = 1/2 |, leslz= | 1/2 |,
1/2 1/2 -1/2
ie.,
- 1 1 + 1 _ 1 + 1 + 1 _ 1 +
€1 = 2U1 2u2 2U3, €2 = 2“1 2U2 2U37 €1 = 2u1 2U2 2U3>

so that (since f is linear),

Fler) = 5 flur) = 5 F(u) + 5 flus) = %X 14 l(xz b =ixtelxgl
fle2) = _%f(ul) + %f(uz) + %f(ug) = - X + ; + = (X2 +1) = 7X2 X+

f(eg) = %f(ul) + %f(UQ) — %f(ug) - §X + 5 - §(X2 + 1) = —§X2 + §X7

so that
1/2 1 0
fla=|1/2 —1/2 1/2
/2 1/2 -1/2

5. We can compute the rank of f:

rk f = rk A
01 1
= k{1 0 O
0 0 1

Tmd=F
ow Yard- )\Oei



"‘W.
o = O
o O =
= O O

I
w

Hence rk f = dim F' = 3 < 400 hence f is surjective, hence Im f = F. Since dim £ = dim F' < 400 we know,
from the Rank—Nullity Theorem, that

f is injective <= f is surjective <= f is bijective,
and we hence conclude that f is a bijection.
Exercise 6.
1. Let (z,y,2) € E.

f(%yaz) = (557—134'32/—2;—1'4'23/)» fl(x»yvz) = (ZE,y,Z) - (SC, —$+3y—27—$+2’y)
=0,z —2y+z,x — 2y + 2).

2. Let (x,y,2) € E. Then:

(x7y,z)€Kerf1 — fl(x7yaz):0E
<= r—-2y+2=0

T=2y—=z
— y=y
2=z

— (xaywz) = y(23 170) + 2(71707 1)3

hence a basis of Ker f; is: ((2,1,0),(—1,0,1)).

3. Let A € R\ {1}. We now determine the rank of the system associated with Ker fy: let (z,y,2) € E. Then:

(%Z/:Z)EKerf/\ <~ f(xayvz)_/\(xvyaz):OE
(I=XNz =0
— —z+B—-XNy— z=0
—x+ 2y —Az=0
(I1=XNz =0
= B-Ny— z=0 since 1 — A #0
- 2y — Az =0
RzHRQJrl_/\Rl Yy z=
R2<_R3+1—AR1
(1=MNax =0
— B=Ny—2z=0
R3 < R3 — AR2 (2_3)\+)\2)y :0
\_so that this system is of rank < 3 if and only if A = 2 (since A # 1). In this case,
(z,y,2) € Ker f5 = - =0
T y—z=0
z=0
— Yy==z
z=z
= (x,y,2) = 2(0,1,1).

Hence a basis of Ker f; is: ((0,1,1)).
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