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No documents, no calculators, no cell phones or electronic devices allowed. Cute and fluffy pets allowed (for moral
support only).

All your answers must be fully (but concisely) justified, unless noted otherwise.

Exercise 1.

1. a) Recall (without any justifications) the Binomial Theorem.
b) Let g € R and n € N. Recall (without any justifications) the value of the sum:

n
24"
k=0

You will separate the case g # 1 and ¢ = 1.

2. Letx € Rand n € N. Show that the following expression is well defined, and compute its value:

5=i__1__

k
k=0 (k ) =y
=AY

Exercise 2. You are given (and you may use this property without any justifications):

(*) Vx €R, lsin(x)| < Ix|.

1. Use (*) to show that & > 3. Hint: use a value of z/6.

2. Use the fact that 7/12 = n/3 — /4 to determine the value of sin(rr/12), cos(/12) and of tan(r/12).

3. Deduce that 7 2 3V2 (1/(3) — 1). Note: an approximation of this value is 3.1058 .. ..

Exercise 3. Let

f: R— R
¢ ift>0
1
—— ift<0
t

You're given that f is well defined.

1. Sketch the graph of f.

2. What is the range of f? (no justifications required).

3. Is the function f surjective? injective? bijective?

4. Determine graphically the following sets (no justifications required):

fRY), f(RY), f(lo,1)), F((-1,0]),
R, £ [1,400)), U (=o0,1]), F(1,2)).



Exercise 4. Let A be a non empty set, and let f : A — A be a function.

1. Explain why f o f is well defined.
2. Let g : A — A be a bijection such that f o f = g. Show that f is a bijection.

Exercise 5. Define
f: R\ {-1} — R
2% +2x+1

x —
1+x

1. Determine the largest subset Dy of R so that the function

g: Dp— R
x — f(x=1)+2

is well defined, and show that g is odd.

2. Show that g is increasing on [1 /V2, +oo) and decreasing on (0, 1/v2].

Hint. You are given that
(2xy - 1)(x—y)

Vx,y € D,, g(x) - =
and you may use thlsfhct Without ﬂnyjustl:ﬁcations.

3. Sketch the graph of g and the graph of f, explaining how you obtain the graph of f from that of g.

Exercise 6. Let A = (0, 1). Are the following propositions true or false? (provide a proof or a counterexample to justify
your claim).

(P1) VxeA VyecA x+yeA

(P;) YxeA JyeA x+ycA

(P) 3xeA VyeA x+ycA.



