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Exercise 1: Differential form (2 points)

1. with w = Pdz + Qdy + Rdz, we have
orP _ 9Q _ 2

dy — Ox

27 = on = 2Y2

@:a—};:%sz—kl

Hence w is closed

0.75

2 w=df =8+ %+ 9

flz,y,2) =zyz®> +yz+ 22+ C with C€eR
£(0,0,0)=1 <=C=1

Therefore f(z,y,2) = xyz? +yz + 22 +1

1 (expression of f
with constant)
0.25 (value of the
constant)

Exercise 2: Parametrization (2 points)

x(t) = cos(t) + 1
y(t) = 2sin(t) + 2
t €[0,2m)]
(accept all other consistent parametric descriptions)

0.5 (sin(t), cos(t))
0.5 (2 in front of
sin(t))

0.5 (center)

0.5 (range t)

Exercise 3 - Kinematics (6 points)

v =||7]| = 4y/1 + 16sin?(4t)

r(t) =2
) O(t)=2t as 0=2 and 6(0)=0 0-5
z(t) = 4cos(4t)
t € [0;7]
2._O>M =reé, + zé, = 26, + 4cos(4t)é;, 0.5
OM = rcosbe; + rsinbe, + ze. = 2cos(2t)e; + 2sin(2t)ey + 4cos(4t)e 0.5
3. U= @ = rfeép + 26, = dép — 16sin(4t)e; 0.5
U = —4sin(2t)e; + 4cos(2t)e, — 16sin(4t)e; 0.5
0.5

4. ¥ is horizontal when sin(4t) =0 <= t= %W? k€ [0,4]
Corresponding points My:

. . . — - - - k-
(cylindrical coordinates) OMy, = 2€; + 4cos(km)es = 2é; + 4.(—1)%é;
(Cartesian coordinates) OMj, = 2005(%”)6_; + 282‘71(%”)6_3; + 4cos(km)e;

OMy, =2.(—1)Pez +4é. if k=2p
—
OMj, =2.(-1)Pe;, —4e. if k=2p+1

0.5 (cylindrical)
0.5 (Cartesian)

x(t) = 2cos(2t) = V2
5. It is impossible to find ¢ such that < y(t) = 2sin(2t) = /2

0.25
z(t) = 4cos(4t) =4
So the point of Cartesian coordinates (v/2;v/2;4) does not belong to the curve
6. Curve b) is the trajectory 0.25
7. Cartesian coordinates of M(t = %) : (z =0;y = 2;2z = —4) 0.5
spherical coordinates of M(t =7) : (p=2v5;¢ = § + Arctan(2);0 = %) 0.5
8. scheme 0.5
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Exercise 4 - Differential equations (6 points)

1. We look for a particular solution z,(t) = A.e™?
zp satisfies the equation iff A = J% 1
Hence z,(t) = Jﬁ.em
2. Associated homogeneous equation: RCz' + 2z =0
The general solution is z;(t) = K.e™ with r solution of the characteristic 1
equation RCr+1=20 )
Hence r = = and z(t) = K.e"®re t
3. z=zp+2zp = 1+£JR°Cw.e’”t + K.e rC 0.5
4. We look for a particular solution z,(t) = A.e™"

T . . . U . 1
zp satisfies the eqlljatlon iff A= ﬁ (if w # \/ch,)
Hence z,(t) = 7€ (if w # =)

LC
v 1 (case w # \/ﬁ)
Ifw= \/%, we look for a particular solution z,(t) = At.e™* 1 (case w = vLC)
In this case, z, satisfies the equation iff A = QLZ]—&
and z, = 2({8} t.eiwt
5. Associated homogeneous equation: LCz2" + 2z =0
The characteristic equation is LCT +1=0 1
—it
+i
Hence r = \/% and zp(t) = A. evie + BeVio
_ U t Tic Tic 1
N 2= 11&o e —i—A.f\/ﬁ —i—Be't\/ﬁ if w# Jic 0.5
U n i . . . 1
z = 5. t.et 4 A.eVi€ 4 BeVic if w= 7o

Exercise 5 - Analysis of a Lissajous curve (4 points + 1 bonus point)

Cift e [0;F], = sin(2t) € [0;1] 0.5 (scheme with

scale)
2. t = 0: the point is (0;0) 0.5
t = §: the point is (0; —1) '
3. T(t) = 2/ (t)€;, + / (t)€, = 2cos(2t)é; + 3cos(3t)e; L (T

T is horizontal when cos(3t) =0, i.e. t =F ort =5 9

- (scheme com-
At that point T' = 2cos(%5)ez = €2

pleted with vec-
tors of correct ori-

T is vertical when cos(2t) = 0, =12 .
At that point, T = 3605(3I)6_1} _32 o entation)
4. z(—t) = —z(t) and y(—t) = —y(t) = The portion of curve obtained for
t € [—m;0] is the symmetrical with respect to the x-axis of the portion of the
curve obtained for ¢ € [0; 7].
Moreover, for ¢ € [0; 7], (7 —t) = —x(t) and y(7 —t) = y(t) = The portion
of curve obtained for ¢ € [g, 77] is the symmetrical with respect to the y-axis
of the portion of the curve obtained for ¢ € [O; g]
o7 Bonus +1
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