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No documents, no calculators, no cell phones or electronic devices allowed. Cute and fluffy pets allowed (for moral
support only). ’

All your answers must be fully (but concisely) justified, unless noted otherwise.

Exercise 1. Let f : R, — R be a continuous function such that the following improper integral converges:

I= fo m f(ede.

1. Let (xn)nen and (yn)nen be two sequences of elements of R, such that liril Xp = +o0oand lim y, = +o0o. Show that
n—-+oo n—+oo
. Yn
nl_l.Tm 5 f(t)dt =0.

2. Use the result of Question 1 to determine the value of the following limit:

ell

¢ = lim et dr.

o0
n—+ N

3. Use the result of Question 1 to show that the following improper integral diverges:

*+00 .
X) / el st g,
0

Exercise 2. Let f : R, — R, be a function of class C 1 Let .# be the (infinite) surface obtained by rotating the graph
of f about the horizontal axis. For A € R} we denote by 4 the portion of .% enclosed between the planes x = 0 and
x = A. We recall that the surface area of .#4 is

A
Sa = 277.’/ FOONVT + fr(x)*dx,
0

and the volume enclosed by .#4 and the planes x = 0 and x = A is
A
Va = 71'/ f(x)2 dx.
0

For a € R’ we define
fao: Ry — R,
1
x (1+x)*

1. Show that there exists @ € R¥ such that the improper integral
+o0
Cam [ fuloax
0
converges and (at the same time) the improper integral

D,y = / fa OOV + f4(x)*dx
0

diverges, and determine all such a.
2. (Bonus) Explain why the following paradox can be stated:

There exists an infinite trumpet' that can be filled with paint but that can’t be painted.

1rather, a horn, something like this:




Exercise 3. Let E = Cp(R.+,R) be the vector space that consists of all continuous and bounded real-valued functions
defined on R,. You don’t need to justify that E is a vector space. For f € E we define:

fllee = supl| f].
You’re given that || ||, is a norm on E.

1. Let f € E. Show that the following improper integral
+00
/ |F)]e™* dt
0

is convergent.

We hence define the mapping N as
N: E— R+

f— fo |f(t)|e™* dr.

2. Show that N is anorm on E.

3. For n € N we define
fn: Ry —m R
t — e .

Clearly, f, € E.

a) Show that the sequence of functions (fy,),en converges to Og for the norm N.

b) Does the sequence of functions (fy)nen converge to O for the norm ||-|[,?

4. Are the norms N and ||-||, equivalent norms?

Exercise 4. Let
N: R — R,
(x,y)y — max{Ix -2yl |x + yI}.

1. Show that N is a norm on R2.

2. Plot the closed unit ball B of N.

Exercise 5. Let E be a vector space, and let Ny and N; be two norms on E. We define N = Ny + N;.
1. Show that N is a norm on E.
2. What relation exists between the closed unit ball B of N and the closed unit ball B; of N;?

3. Show that if the norms N; and N, are equivalent, then the norms N and N; are equivalent.

Exercise 6. We define the function f as
f: R%\ {(0,0)} — R

(x,y)

Show that lim  f(x,y) exists and determine its value.
(x,y)—(0,0)

Exercise 7. Let E = Ry[X] be the vector space of all polynomials of degree at most 2 with real coefficients. Let

: ®: E— E
? P —s (P,

You're given that ® is well-defined. Let P, € E. Show that @ is differentiable at P, and determine Dp,® explicitly.




