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Exercise 1.
) sin(t) . ) .
1. The function ¢ — T is continuous on [0, +00), hence I is improper at +oo. Clearly,
sin(t) 1
vt € (1, , < -,
Ltoo) || = 3

hence I converges absolutely, hence I converges.

2. The function t — is continuous on [0, 1), hence J is improper at 1. Now,

_1
1—/t
1 1+t 2

= ~ > 0.
1—\/1? 1—t t-1-1—t

vt € 10,1),

2
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By Riemann at a finite point, we know that the improper integral fol % diverges at 17, hence we conclude,

I
by the equivalent test, that J is divergent.

Exercise 2.

1. The function In is continuous on (0, 1], hence K is improper at 0. Let A € (0,1). Then:

/1 In(t) dt = [tIn(t) — ¢ 22,14

A
= —1-Aln(4)— A

— —1€R,
A—0t

hence K converges and K = —1.

2. For z > 0, the function ¢ — In(1+¢®) is continuous on [0, 1], hence F(z) is a definite integral of a continuous

function on a closed and bounded interval, hence F'(x) is well-defined.

3. Let z < 0. The function ¢ — ln(l + t””) is continuous on (0, 1], hence the improper integral F'(x) is improper

at 0F.
For t € (0,1],
(1 +¢7) =In(# (77 +1) ) =In(t*) +In(1+177).
Since z < 0, we have ln(t”f) — 400 and ln(l + t‘”’) — 0, hence
t—0+ t—0+
In(1+¢*) s In(t*) = zIn(t) > 0.

By the equivalent test and by Question 1, we conclude that the improper integral F(z) is convergent.

Hence F(x) is defined for z > 0 (Question 2) and for = < 0 (this question), hence F'(x) is defined for z € R.

4. Let t € (0,1] and = € (—00,0). Then 1+ t* > t* hence In(1 + t*) > In(t*) = x In(¢).

From the previous inequality we conclude:
1 1
Vo € (—00,0), F(z) = / In(1+¢*)dt > w/ In(t)dt = —z.
0 0

Hence, by the Squeeze Theorem, lim F(x) = +o0o.
Tr—r—00

5. Let A € (0,1] and z € (0, +00). We use the substitution z = ¢t*, which yields ¢ = 2'/* hence dt =
x

1 1 1

1 1

/ In(1+¢*)dt = - / In(1+2)z/""'dz — — [ In(1+4 2)z"/*"1dz,
A T x A—=0t T Jo

since A — 0 since x > 0.
A—0t

Zl/asfldz



6. Let x € R and let z € (0,1]. Then, by the given inequality,
ln(l + 2)21/9571 < e

hence, by integrating with respect to z from 0 to 1 (with 0 < 1) yields

}[ SH/e] 11

1 7t
F(z) < 7/ 2T dz =
T Jo

x =0 144
Clearly, F'(x) > 0 and hence 0 < F(x) < T j_ - and we conclude, by the Squeeze Theorem, that IEIEOO F(z) =
0.
Exercise 3.
1. Let n € N*. The function = +— % is continuous on [0, +00), hence the improper integral I,, is improper

(1+22?)
at +o0o. Now
S S N
(1-%19)n-vﬁ+aox2” -

d
and by Riemann at +o0o (with @ = 2n > 2 > 1) we know that the improper integral fl —i converges.
x?

Hence, by the equivalent test, I,, converges.

2. Let A € RY. By an integration by parts with u(z) = W and v'(z) = 1 and hence v/(z) =
+x
2
—Ll and v(x) = x, we have:

(1+ xz)n+

4 dzx A _opg? A A 22
/ __ _/ dr = 2n+%/ S
o (1+22) o (1+a?) (1+42) o (1+2?)

Hence, by taking the limit as A — +oo we obtain (since n > 1):

+00 “+oo 2
o (1+2?) o (14a?)

x
(1+22)"

=0

Now
+oo
= 2n/ n+1
0
“+o00
1 1
0 (1+22)
too 1
2n/ o dx
0 (1+ :c2 (1 +22)
=2nl, — 2nl,+1
2n
hence (1 — 2n)I,, = —2nl,,4+1 and we conclude that I,, = 711'”“.

3. Let n € N*. Then

n 40
S = /’ _dr
k=1 0 (




At this point, we want to use the formula for the sum of a geometric progression, which is valid when the

1
ratio g = 1722 # 1, i.e., for x # 0. Since 0 is in the domain of integration, we have to be a little bit careful:
x

1
Let A € R%. Then:

1 1 n+1
oo 2 1\ oo 2_< 2)

1+$2 A 1_

A =

4. Let n € N*. Since for z > 0,

and since [1/4/n,1] C [0,400), we conclude:

oo q 1 | 1
/ —|1-— de/ = |1-——% ] dz
o ? (1+ 2?) 1/ yn T2 (1+a2?)

1
Moreover, the function z — [ 1 — ———— | is increasing on R, hence
(1+2%)
vo e [1/vm, 1), (1 L > (1 !
z n, 1, - 2 - n
i+) T+ Un)
hence
1 1 1 1
veell/vn, 1], s [1-—5 | >=|1-—5 .
[/f ] x2< (1+x2) ) x2< (1+1/n) >

Now, integrating this inequality from 1/+/n to 1 yields:
1 1
1 1 1 1

/ 3 1-— - —Q—n dz > / ) 1- n dw

N (1+2%) 1/yn @ (1+1/n)

1 17°=

1-—— | |-=

(1+1/n) Tlom1/vm

hence the result.
5. We know that
1 n
lim <1 + ) =e,
n—-+o0o n
hence

(\/ﬁl)<11> ~ eyn — +00

(1 + 1/n)n n—s+o0 n—+oo

hence, by the Squeeze Theorem,

n—4oo

n
lim Zlk = 4-00.
k=1



Exercise 4.

1. e Separation property: let f € E such that N(f) = 0, hence

1
/ t|f(t)]dt=o.
0
Since the function t — t‘ f (t)‘ is continuous and non-negative, we conclude that
vt € [0,1], t|f(t)| =0,

hence
vt € (0,1], f(t)=0

(notice the open interval at 0). Since f is continuous, we have:

f(0) = th%l+ f(t) = lim 0=0,

t—0t

and we conclude that f = 0pg.
e Positive homogeneity: let f € E and let A € R. Then

N(Af>=/0 t\Af(t)!dt=\A|/0 tF@)]dt = AN(P).

e Triangle inequality: let f,g € E. Then:
1
N7 +9) = [ 4110+ gl0)] o
1
< t t t)| ) dt
< [ (Il +1a)

1 1
:/ t|£(t)| dt+/ t|g(t)| dt
0 0
= N(f) + N(g).
2. Let f € E. Since
vt € [0,1], ¢[f(O)] < [f()],
we conclude (by integrating from 0 to 1) that:

1 1
At|f(t)|dt§/0 |F@®)],
Le, N(f) < fll;

3. The second statement is correct. Indeed, assume that the sequence (f,)nen converges to f for the norm
||I-[l;. This means that lirf | fn — fll; =0. Since 0 < N < ||-||; we conclude, by the Squeeze Theorem, that
n—-+0o0o

lim N(f,—f)=0,1ie., that (f,)nen converges to f for the norm N.

n—-+o0o

4. a) Let n € N*. Then:

NU)—/Wt&+ gl tog b
" o " in  2n n o 2n’

1/n 1 dt
Il = [ mdes [ G =1 mm)
0 1/n

b) We proceed by contradiction: assume that N and ||-||; are equivalent. Hence there exists o > 0 such that
all-|l; £ N. In particular, for n € N* we have

and

1

ol fully = a(1+In(n)) < N(fo) =1- -

Taking the limit as n — +o00 yields (since a > 0): 400 <1, which is impossible. Hence the norms N and
|-|l, are not equivalent.



Exercise 5. Let (hy, hy, h,) € R®. Then:

F(L4hy, =2+ hy, =2+ h,) =3(L+hy)? — (14 ha) (=24 hy) — 3(=24 hy) (=2 + hy) + (=2 + h,)?
= —3 + 8hy +5hy +2h, + 3h2 — hyhy, — 3hyh, + h2
= f(1,-2,-2) + 8h, +5h, +2h, + 3hZ — hyh, — 3h,h. + h2.
We obtained the constant term, a linear term with respect to (hg, by, h.) and a remainder. Since R3 is a finite

dimensional vector space, the linear term is automatically continuous. To prove that f is differentiable at ag we
only need to prove that the remainder is a o(||(hq, hy, h2)|): for b = (hy, by, h.) # (0,0,0),

3h2 — hyh, — 3hyh. +h2| _ 8||A|?
1Al Al h—(0,0,0)

where, in the numerator, we used the triangle inequality for the absolute value together with the following useful
inequalities:

|he| < Rl |hyl < (IRl hz] < Il

Notice that we chose the 1-norm, but any other norm would produce the same result as all norms are equivalent
on R3.
Hence f is differentiable at ag and:

deo f ¢ R3 — R
(hxa hyyhz) — 8hy + 5hy + 2h,.



