INSTITUT NATIONAL
DES SCIENCES

yonUEEs SCAN 2 — Solution of Math Test #2

Romaric Pujol, romaric.pujol@insa-lyon.fr

INSA

Exercise 1.

December 9, 2019

1. Let h € R*. Then:

h h—0
hence 04 f(0,0) exists and 0, f(0,0) = 0, and

JOM =100 o by
n h—0 h h—0

hence 05 f(0,0) exists and d5f(0,0) = 1.
2. Let u = (ug,uy) € R

o If u, # 0: let t € R*. Then:

f(tua:utuy) - f(07 0) t2ui ln(|tuy|) + tuy 2
; = ; = tu; ln(|tuy|) + uy muy,

hence V, f(0,0) = u,,
o if uy = 0: let t € R*. Then:

t t—0

hence V, f(0,0) =0 = u,.
We conclude that Proposition (P) is true.

3. Observe that lim (t,e_l/tz) = (0,0). Now, for t € R*,
150

F(t,eF) = P(e) 4 e = 1 e 21 £ (0,0) = 0,
t—0

hence, by composition of limits, f is not continuous at (0, 0).
4. Since f is not continuous at (0,0), f is not differentiable at (0, 0).

5. Let (z,y) € R\ D. Then:
O f(z,y) = 2z n(ly)

and
2

x
Y
Hence,
— 2
grad f(z,y) = (2»”6 In(ly[), % + 1) :
6. Since (1,1) € R\ D we can reuse the previous expressions:
61f(1a1) :Oy 82f(151) :27

hence
d(l’l)f = 26’2.

7. £(1.01,1.02) ~ f(1,1) +d(1.1)£(0.01,0.02) = 1 + 2 x 0.02 = 1.04.



8. We compute the second order partial derivatives of f at (1,1):

8(2171)f($7y) = 21n(|y|), 6(21,1)]0(1, 1) =0,
x
5(2172)f(x,y) = 2; 3(2172)f(1, 1) =2,
2 ? 5
a(z,z)f(fvy) = ek 3(272)f(1, 1) =-1.

Hence the second order Taylor—Young expansion of f is:

1
F(U+ ha, 1+ hy) Lt 2hy + 2hyhy = Shy + o([|(ha hy)I1%).

(ha ) —(0,0)

Exercise 2.

1. Let (z,y) € U and let (u,w) € U. Then:

x/y="u PN {x:uy — {x:uw/(l—l—u)

p(zy) = (v,w) < {x+y:w y(1+u) =w y=w/(1+u)

Moreover, uw/(1 4+ u) € R and w/(1+ u) € R’ , hence ¢ is a bijection and

pl: U — U

(u,w0) — [ — ),
14+u 1+u

We notice (from elementary operations and usual functions) that both ¢ and =1

a bijection, we conclude that ¢ is a C*°-diffeomorphism.

are of class C°°; since @ is

2. Let (x,y) € U. Then:

1y —a/y?
@y P = ( 1 1 :
Tr+y .. .
Observe that det J, ¢ = 7 # 0, hence J(, )¢ is invertible and

2 2
—1 Y 1 z/y
(J(m,y)(p) = <_1 1/y ) )
Let (u,w) = ¢(x,y). Then:

_ w/(1+u) —ww/(1+u)?* u/(l+u
T, (¢ 1)=< /t —w)/(l—Hé)z ) 1%1+u))>

_ (@t x/(@+y) _ )

3. See Figure 2.

4. a) Since g = f o and since ¢ is of class C°° (hence of class C'), we deduce that if f is of class C! then g is
of class C''. Conversely, since f = go ¢~ !, and since ¢! is of class C°° (hence of class C'), we deduce
that if g is of class C! then f is of class C*.

b) Let (x,y) € U. From the expression g(z,y) = f(z/y,z + y) we deduce:

Dg(x,y) = ialﬂm/y,x + )+ Ouf(@fy.z + )

and "
Oag(x,y) = —Palf(w/% r+y) + 0 f(z/y,x+y).

c)
V(u,w) € U, (u+ 1)y f(u, w) + wdsf(u,w) = 0 <= Y(u,w) € U, “:; L0 f (u, w) + 05 f(u, w) = 0
= Vww)ev, "L L0 (u, w) + 05 f(u, w) = 0

— Y(&,y) €U, ialf@c/y,x +y) + Of(afy.x+y) =0

g V(Z’,y) € U’ alg($7y) =0.
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3. Since ¢ is linear, we only need to check that ¢ is continuous at Og. Let f € E. Then, from the previous
question,

le(f)] < 20fllw o 0,

and we conclude that ¢ is continuous at Og.

4. a) Let n € N*. Then

N(fn)= sup |tf(t)] = sup |-nvnt>+/nt|=+/n sup }(1—m§)t|§\fl:L — 0.
I ] n

te0,1 t€[0,1/n t€[0,1/n) Vi n—rtoo

Hence (f,)nen+ converges to Og for the norm N.
b) Let n € N*. Then:

B 1/n 7Tl\/ﬁt+\/’l}l
@(fn)*/o Tdt

1/n 1
:A e Vi de

hence ¢ is not continuous at Og.

5. Since ¢ is continuous from (E,|-||.,) but not from (E, N), we conclude that the norms ||-|| ., and N are not
equivalent.

Exercise 4.

1. Let (z,y) € R%. Then:

01 f(x,y) = 1 +yg'(xy), Oaf (2,y) = xg' (zy).
2. a) Since C is the level set of f at level 1, we know that a normal vector to A is given by grad f(1,1) =
(1+9¢'(1),4'(1)) = (=1,-2). Hence an equation of A is:
A —(x—1)—2(y—1)=0

or, equivalently,
A:xz+2y=3.

b) Since f(1,1) = 1, we must have ¢(1) = 1. We differentiate the expression in (x) and we obtain:
Vz € R, alf(;v, go(x)) + gp’(x)agf(:m cp(x)) =0.

Hence (evaluating at = = 1):
01f(1,1) + ¢'(1)02£(1,1) = 0,
ie, —1—2¢'(1) =0, hence ¢'(1) = —1/2. Differentiating again yields:

Vo € R, 07 f (2, 0(@)) +2¢'(2)0F o f (z,0(2)) + ¢" (2)02f (2, 0(2)) + &' (2)?03 5 f (2, 0(2)) = 0.



Hence (evaluating at = = 1):

PR F(L) — 85 f(1,1) + () (1,1) + 1035F(1,1) =0
We need to determine the second order partial derivatives of f at (1,1): first, for (z,y) € R?:
0% 1 f(x,y) = y°g" (zy), 0% 2 f (x,y) = g'(zy) + zyg” (zy), 03 2f (x,y) = a?g" (ay),
hence
9.1 f(1,1) =1, 972 f(1,1) = —1, 93,f(1,1) = 1.
Hence: % —2¢"(1) = 0, and we conclude that ¢”(1) = 9/8 > 0, hence the graph of ¢ is above A in a

neighborhood of (1,1).
See Figure 2. TODO figure.

Y

Figure 2. Graph of ¢ of Exercise 4 in a neighborhood of (1, 1), as well as its tangent line A at (1,1).



