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Exercise 1.

1.

∀x ∈ R, xe−x = x

+∞
∑

n=0

(−x)n

n!
= x

+∞
∑

n=0

(−1)n

n!
xn =

+∞
∑

n=0

(−1)n

n!
xn+1 =

+∞
∑

n=1

(−1)n−1

(n− 1)!
xn.

2. For x ∈ (−R,R),

f ′(x) =

+∞
∑

n=1

annx
n−1,

xf ′(x) =

+∞
∑

n=0

annx
n,

f ′′(x) =
+∞
∑

n=2

ann(n− 1)xn−2

xf ′′(x) =

+∞
∑

n=2

ann(n− 1)xn−1 =

+∞
∑

n=1

an+1(n+ 1)nxn,

hence

xf ′′(x) + xf ′(x) + f(x) = a0 +

+∞
∑

n=1

(

an+1(n+ 1)n+ nan + an
)

xn = a0 +

+∞
∑

n=1

(n+ 1)(an+1n+ an)x
n

3. By the identity theorem, f is a solution if and only if:

a0 = 0, and, ∀n ∈ N
∗, an+1 = −an

n
.

It is easy to find a closed form form (an)n∈N:

{

a0 = 0

∀n ∈ N
∗, an = (−1)n−1

(n−1)! a1.

and we recognize a1g. Hence the general solution of this differential equation that possesses a power series

expansion is Kg for K ∈ R, and its radius of convergence is +∞

Exercise 2.

1. Set v0 = e0. Notice that ‖e0‖2 = 1. and v1 = e1 + λe0 with

λ = −〈e1 | e0〉
〈e0 | e0〉

= −1

2
,

hence v1 = e1 − 1
2e0. Now

‖v1‖2 = 〈v1 | v1〉 =
∫ 1

0

(

t− 1

2

)2

dt =
1

12
.

We hence set:

w0 = e0, w1 =
√
12

(

e1 −
1

2
e0

)

=
√
3(2e1 − e0).

2. Since (w0, w1) is an orthonormal basis of F :

pF (e2) = 〈e2 |w0〉w0 + 〈e2 |w1〉w1.



Now,

α = 〈e2 |w0〉 =
1

3

and

β = 〈e2 |w1〉 =
√
3
(

2〈e2 | e1〉 − 〈e2 | e0〉
)

=
√
3

(

1

2
− 1

3

)

=

√
3

6
,

hence

pF (e2) =
1

3
w0 +

√
3

6
w1.

3. We notice that

m = inf
u∈F

‖e2 − u‖2,

and by the optimization property of the orthogonal projection,

m =
∥

∥e2 − pF (e2)
∥

∥

2
.

Moreover, we know that pF (e2) ⊥ (e2 − pF (e2)), hence, by the Pythagorean Theorem,

‖e2‖2 =
∥

∥pF (e2) + (e2 − pF (e2))
∥

∥

2
=

∥

∥pF (e2)
∥

∥

2
+ ‖e2 − pF (e2)‖2

so that

m = ‖e2‖2 −
∥

∥pF (e2)
∥

∥

2
=

1

5
− (α2 + β2)

where we used
∥

∥pF (e2)
∥

∥

2
= α2 + β2 since (w0, w1) is an orthonormal basis of F . Hence

m =
1

5
−
(

1

9
+

1

12

)

=
1

180
.


