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1. The function ¢ — tPe~** is continuous on [0,4+00) hence I; is improper at 400 only. Now,

7 —t2
t'e — 0
t—4oc0

hence there exists A > 0 such that

Vt € [A, +00), 0 < tTe " <1,

1

Vt € [A,+00), 0< ot < L

and we conclude, by the Comparison Test, that I; converges.

1
2. The function t — In (1 + 7§2> is continuous on [1,400), hence I is improper at +oo only. Let A > 1. By

an integration by parts (differentiating the In and antidifferentiating 1):

A t=A A 3
1 1 2/t
In(1+ — 1 —
/ n<+t2>dt [t( )] /1t1+1/t2dt
A
1
1 1+t2dt

w)
1 > ) + 2arctan(A) — 2arctan(1)
)

= 1+ Ai ) 4+ 2arctan(A) — g
77
=—In(2) 5
Exercise 2.
1. The function x — m is continuous on (0, +00) hence I is improper at 07 and at +o0o. Now,
1 1 1

o~ =0
VT + 232 gm0t T 2l/?

hence by the Equivalent Test, I converges at 0%, and

1

\/.E+x3/2 w—:\-/i-oo x3/2 >0,

hence by the Equivalent Test, I converges at +oco. Hence I converges.

2. Let A, B € R such that 0 < A < B. We use the substitution u = \/z, so that dz = 2udu:

VB VB
2ud 2d
= / Lug = / 7u2 = 2arctan VB — 2arctan VvV A — .
VA utu vi 1+u A—0%, B+oo

B
/A Ve + x3/2

Hence I = .

3. e Ifa<1/2then
1 1

~ >0
VT +x 2400 x1/2

hence, by the Equivalent Test (and Riemann at +00), I, diverges.



o If & =1/2 then
1 1

VI dze  221/2

and by Riemann at +o0, I, diverges too.

o If & > 1/2 then
1 1

—_— ~ — >0,
VT 4z 20t /T
hence by the Equivalent Test, I, converges at 0™ and
1 1

—_— ~ — >0,
VT + % 35400 @
and we conclude, by the Equivalent Test, that I, converges at +oo if and only if o > 1.

Conclusion: I, converges if and only if o > 1.

Exercise 3.

1
1. The largest interval with endpoint 400 where the function ¢ +— In <cos (t)) is continuous is (2/pi, +00).

Hence:

2
1, is improper at +o00 only <— a > —.
T

2. Since cos(1/t) o 1 we obtain, by the well-known equivalent In(X) s X -1
— 400 —

1 1 1
In{ cos| - ~  COS -1 ~ ——<0.
t t—+o00 t t—4oo 22

Hence by the Equivalent Test (and Riemann at +o0), I, converges.

Exercise 4.

1
1. Let n > 1. The function ¢ m is continuous on [1, +00), hence I, is only improper at +00. Now,

1 1 >0
tn(1+t) totoo gl 7
By the Equivalent Test (and Riemann at 4+00), I,, converges (since n+ 1 > 1 since n > 1 > 0).
To compute the value of I; we use the following partial fraction decomposition:
1 1 1

TA+T) T 1+T
Let X > 1. Then

X X b'e
/1 t(ld%t) :/1 %*/1 1% =In(X) —In(X +1) +In(2) = In <XX+1> +1n(2)  — In(2).

Hence I; = In(2).
2. Let t € [1,400). Then:
2< 1 4t<tt=2t

hence
20" <tM(14t) <t +t=2""

hence
1 1

1
< < —.
2tn+1 = gn(1+41t) — 2m

/*‘X’dt 1
.t a1

Now for a > 1,

so that (since n > 2 > 1):



3. a) Let n>1andt € [1,400). Then

L 1 t+1 1
tn(1+t)  tnti(14¢)  trtl(1+¢)  tntl’

teo gt 1

n

Hence:

b) Let n > 2. Then:

e
= 2T e i)
k=1 k=1
n—1 n—1
=D D+ (1) e
k=1 k=1
n—1 n
= Z( DEIL 4 Z(—l)klk shift of index in the second sum
k=1 k=2
n—1 n
= D =Y ()L
k=1 k=2
=1 - (_1)n_11n7

hence the result.

4. From Question 2 and the Squeeze Theorem we conclude that I, —+> 0, hence
n—-+oo

{= Il = ln(2)
Exercise 5. Let
Y R2 — R2
(z,y) — 2z +y,z+y).

Clearly ¢ is linear and
Vu € R?, = |le()] .-

This already shows that N satisfies the triangle 1nequahty and the positive homogeneity (and that N takes
values in R;). In order to show that N also satisfy the separation property, we only need to show that ¢ is
injective: the matrix of ¢ in the standard basis of R? is:

[Plsta = G D 3

the determinant of which is det ¢ = 1 # 0, hence ¢ is a bijection.
We know that the closed ball B associated with IV is obtained as:

¢~ (Bx)

where B, is the unit ball associated with the co-norm.
We now compute the matrix of p=1:

=i = (5 ).

-1

The images of (two of) the vertices of B, by ¢! are hence:

9071(17 1) = (Ov 1)7 9071(17 _1) = (_27 _3)

From this we can deduce B, (see Figure [1)).



Figure 1. Closed unit ball for the norm N of Exercise

Exercise 6.

1. Let n € N. Then:
Vn
n—+1

1 1
un — Oy = [unllx :/ lun (t)] dt :/ Vit dt =
0 0
hence ||un, —Ogll1 — 0, hence (uy)nen converges to Og for the 1-norm.
n—-+oo

2. Let n € N. Then:
n

1 1
ltn — O}z = [funllz = / un(£)? dt = / e =

hence ||u, — O0g||2 -2 0, hence (uy)nen doesn’t converge to Og for the 2-norm.
n—-+0o0o




