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No documents, no calculators, no cell phories or electropic devices allowed. Cute and fluffy pets allowed (for moral
support only).

All your answers must be fully (but concisely) justified nless noted otherwise.

March 28, 2022

The marks are given as a guide only; the final marking scheme might differ slightly from the marks provided here.
Exercises 1 and 2 are common with PCC2.
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Exercise 1 (8.5 marks). The four questions of this exercise are independent of each other. : ?

1. Define the sequence (@), N as:
2"
n+1’

VneN, a, =

o

+00 ¢ X
a) Determine the radius of convergence R of the power series f defined by f(x) = Z an,x", and express f in terms

n=0

of usualfunctions on (-R, R).

b) Specify the graph of f in a neighborhood of 0 without studying the function f expﬁcitly (i.e., an equation of the
tasigent line to the graph of f at 0 and the relative position of the graph of f with respect to this tangent line).

: : 2
2. » Let R be the radius of convergence of the power series Z 1n.cos ( ?) o
n
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27n : I
¢) What is the nature of the numerical series Z n.cos ( —5—)7 what can you deduce about R?

n

1 :
3. a) Recall the power series expansion of the function fa oo well as its radius of convergence R.

. X v
b) Deduce the power series expansion of the function g i : as well as the interval of convergence; your

answer should be of the form

s{’?*at +00
%‘\E:) V{C el, g(x) = ’Z(; anx"
%

Wﬁé{@ I is the real interval of convergence of the power series (closed, open or semi-open) you will determine,
and (a,),y is the sequence of coefficients you will determine.
4. Let : Y :

T

F:R——-} R

‘ > ‘
p ? 3 X — / e_t dt-
1 0

e

a) Determine the power series expansion of the function F and specify the interval of convergence. You will give
the answer in a form similar to (*) above.

0 5
e Aot - ; ; less than 107,
i : he partial sy an, is an approximation of F(1) with error
b) Determine a value of N € N such that the pazgalt u§1 E n

3 - ' n=0
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Exercise 2 (6 marks). Let (P) be the fo]

®) (- 1)y D+ @ = —

y(0) =0

+00

We assume that there exists a power serjgg y(x) = Z

n=0

Problem (P).
1. Explain why a, = 0 and show that

Vn € N¥

lowi“g initial value problem;

X+ 1

anx" of radius of conyergnce R > g which is a selution of

n
o)
ay = Z _—k g0
k=1

2. a) Give, without any justifications, the yadius of convergence r and the sum §(x) of the power series

+00 o k
S() ___Z ( kl) o
=1

Does the series converge for x = r?
b) We assume that the function S is continuous at x =

¢) Determine the value of the radius of convergence R

r. Determine the value of lim q,,.

n—+oco

of the solution y of Problem (P).

3. a) i) Determine the largest subset D of R such that for all x € D the expression

£ = 22D

is defined. Let f : D — R be the corresponding
ii) Check that f is a solution of Problem (P) on D.

x—1
function.

b) We admit that f Possesses a power series expansion with radius of convergence Rs > 0. Deduce from the previous

2. For what values of ¢ € R} does the following numerical series converge?

—1) 1
Z(exp((n? )—l—znm).

n

questions the coefficients of the power series expansion of f as well as the the value of Ry. 4
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Exercise 3 (3 marks). The questions of this exercise are independent from each other.
L. Determine the convergence of the following series:
28 cosn
1) R 3 —1)?(Vn+1—
Ol (2) ;m(n = ®) D" (Var1-A)

Exercise 4 (2.5 marks). The goal of this exercise is to determine a numerical approximation of the following sum:

i
S=Zﬁ-’n—3,

n=0

by using the sequence of partial sums (5N)nen defined by:

VN e N, Sy

1. Show that § is well-defined and that there exists a decreasing sequence (g )yen- (that you will explicitly determine)

such that
VN € N, 0
and such that ay Rl
2. You're given
e 1.6865028428383740855484383375 1955917688068
‘.Z(where all the digits displayed are exact digits).

Deduce an approximatiqln of S correct t, as many decimal places as possible.

— 3t #
= 1+n
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